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ON THE CONSISTENCY AND EQUIVALENCE OF CERTAIN 
DEFINITIONS OF SUMMABILITY* 
BY 
WALLIE ABRAHAM HURWITZ AND L. L. SILVERMAN 


1. INTRODUCTION 


Many definitions have been proposed for the value of a divergent series, 
those of Cesdro and Hdélder being familiar examples. All of the definitions 
proposed are generalizations of convergence;+ that is, they evaluate any 
convergent series to the value to which it converges. Thus all these definitions 
give the same value to a convergent series. The fundamental question as to 
whether, when each of two definitions gives a value to a divergent series, the 
two values are the same, seems as yet to have received no attention.t That 
two definitions, both generalizations of convergence, may give different values 
to the same divergent series, is seen by the following exampie. Let the 
sequence defining the series be z, = (— 1)"* logn (n =1,2,---); and 
let the value of the sequence be defined in two different ways by the limits 
of the sequences (yn), (2n), where 

n n 


It can easily be verified that each of the definitions is a generalization of 
convergence; whereas 

lim yn, = 0, lim z = 1. 

n=O 
Furthermore the sequence (2, ) may be made to give any preassigned value ) 
whatever if we choose as the definition for the value of (2z,) the limit of s,, 
where s, = (1 —2A)yn +Az. It is accordingly a matter of the first im- 
portance to know under what circumstances two definitions are consistent; 
that is, under what circumstances we have a right to assert that whenever 
each of two definitions gives a value to a sequence, the two values are the same. 


* Presented to the Society, September 8, 1914. 

{Such definitions are sometimes said to satisfy the condition of consistency; the word 
consistency is used in this paper in a different sense. 

t Of course consistency is self-evident in the trivial case in which one definition evaluates 
all series evaluated by another definition,. giving the same values. 
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The principal result of this paper is that all definitions of summability of a 
certain class are consistent. 

Another result of some interest is the determination of a criterion for the 
equivalence of two definitions of summability; two definitions being defined 
as equivalent when each evaluates to the value — every sequence evaluated 
by the other to the value £. The interest in this idea seems hitherto to have 
been directed to the proof of the equivalence of Cesairo’s and Hélder’s defini- 
tions for the same order of summability, though other similar special questions 
have been considered. In this paper a criterion is established for the equiva- 
lence of any two definitions of a certain class, from which criterion the equiva- 
lence of Cesiro’s and Hélder’s definitions follows as a very special case. 

Other points considered are: the specification of a definition which shall 
evaluate the sum of two given sequences summable by two stated definitions; 
the establishment of a necessary condition for summability, analogous to the 
well-known conditions for the cases of convergence and of Hélder-summability ; 
and the permissibility of omitting or adjoining an element at the beginning 
of a summable sequence without altering either its summability or the value 
to which it is summable. 

We shall be concerned with a special type* of definition of summability. 
Let (an) = %1, 22, +++ be a sequence, and 


Q1,15 0, 0, 


(Qn,%) = 
43,1, 43,2, 43,3; 


an infinite matrix of numbers, real or complex. Then the transformation 


n 
Yn = Lk (n = 1,2, 
&=l 


defines the sequence (Yn) = Y¥1, Y2, ***. We indicate the transformation or 
the matrix by A and the relation by (y,) = A(2,). If 


lim ym = &, 


we define £ to be the value given to (2, ) by the definition or transformation A. 
If dan + 0 (mn = 1, 2, -++), we may solve for 2p, 


n 
= Ye (n = 1,2, +++); 
k=1 


* This type was first studied by Silverman, Missouri dissertation, 1910, and University of 
Missouri Studies, Mathematics Series, vol. 1, No. 1 (1913); Toeplitz, Prace matemat- 
yezno fizyezno, vol. 22 (1911), p. 113; Smail, Columbia dissertation, 1913; and 
Schur, Mathematische Annalen, vol. 74 (1913), p. 447. 


| 

| 

4 

| 
| 
| 


1917] DEFINITIONS OF SUMMABILITY 3 


we denote this transformation by and the relation by (a) = (yn). 
If (yn) = A(an) and z = B(y,), then z, = B(A(2,)), the transforma- 
tion being BA. If AB = BA, A and B are permutable. If A and B cor- 
respond to (dn,%) and (b,,%) respectively, ad + BB will correspond to 
(adn, + Bbn,~). If Ai, Ao, correspond to respec- 
tively, a; A; + ae Ap + will correspond to (dp, ;,) if 

lim [ay + ag + + ay 

exists and equals If = A(an), and (y,) has the limit when- 
ever (an) has the limit £, A is regular. It will be seen that if A and B are 
regular, then AB, and for any constant a, aA + (1 — a) B are regular. 

A necessary and sufficient condition that A be regular* is 


n=@ n=0 k=1 


(1) (a) lima, = 0, (b) lim = 1, (c) lan,x|< K. 


The simplest examples of regular transformations are 


E: = 0, n+k; Gn,2 = 1; 
and 
1 


n° 


M: = 


Schur has studied the transformation aE + (1—a)M. It is natural to 
consider the more general transformation 


ao E+ a, M+ ag M?7+--- +a, M", 
or still more generally the symbol 
ag E+ a, M+ 


and to ask under what conditions it defines a regular transformation. 
TuroreM I. I[f f(z) = ao + aiz + + is analytic within and on 
the boundary of a circle of unit radius about the origin, and f(1) = 1, then the 
symbol ao E + a, M + a, M? + ---+ gives rise to a regular transformation. 
Let E, M, M?, --- correspond to matrices m,, +++, Te- 
spectively. Then we have 


(a) > la, m,|= >> lar, 
r=0 


* The sufficiency of the condition was proved by Silverman and the necessity by Toeplitz 
in the papers previously cited. We shall use only the fact of sufficiency; indeed certain results 
obtained by Schur by means of the necessity of the condition are here proved without this 
part of the criterion. 


| 
| 
| 
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since 0 = 1. Hence 
( 
lim >> a, 
p=e r=0 


exists uniformly in k; call its value a,,%. Therefore* 


Pp p 
lim ay,» = lim lim > a, m, = lim lim }> a, mY, = 0. 


n=0 n=0 r=0 p=e n=o r=0 
n n 
(b) an, = > lim >> a, mY, = lim > Oly 
k=1 k=1 p=@ r=0 r=0 
Pp 
= lim >> a, = f(1) =1. 
r=0 
k=l 


since, from the hypothesis, the series for f (z) converges absolutely for z = 1. 
As the conditions (a), (b), (ce) of (1) are satisfied, the theorem is proved. 
Corotiary. The numbers an, , are given in terms of f(z) by the formula 


_< (n—1)! 1 
(2) = 1)" ni (i): 


We prove this first when f(z) = 2”, so that the transformation defined is 
M’. It is to be shown that 
(n—1)! 1 


* Osgood, Lehrbuch der Funktionentheorie, vol. 1, 2d ed., p. 593. 


/ 
| 
Suppose this holds for any r; to see that it holds for r + 1, we write 
l n 
=- >» mys 


1917] DEFINITIONS OF SUMMABILITY 5 


As evidently (3) is true for r = 0, it is true for all values of r. Finally, to 
prove (2) in general, multiply (3) by a, and sum from r = 0 tor = ©. Then 


or mie = 2 2 (— DIF 


which agrees with (2). 


2. CONSISTENCY OF TRANSFORMATIONS PERMUTABLE WITH M 


We shall now determine a sufficient condition for the consistency of two 
regular definitions of summability. We shall refer to any transformation of 
the form 


(4) = Tn Xn 
as a multiplication. We have occasion to use Euler’s transformation* 
(n-—1)! 
_4)e1 


which we shall call A. It satisfies the condition 
(6) A? = E, 


as may be seen by actual repetition of (5) or more easily by solving the ex- 
panded formulae: 
Y= %%1, 


Y2 = %— 


Ys = — 22%. + 23, 


Lemma 1. If M’ denotes the multiplication 


1 
(7) Yn => Ins 


n 
then 
M = AM’ 4A, M’ = AMA. 


To prove this, form MA; we have 


k=1 h=1 (k —h)i(h-1)1 
* Bromwich, An Introduction to the Theory of Infinite Series, p. 303. 


= 
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k=h 


ll 
— 
M: 
= 
= 
& 


(n —1)! (+) 
Gr 
But this is obviously the result of applying A to the sequence (2,/n) ,—that 
is, to the result of transforming (2,) by M’. Hence 
MA = AM’ 


and the proposition follows at once by (6). 

Lemma 2. A necessary and sufficient condition that A be permutable with M 
is that A’ be permutable with M’, where A’ = AAA. 

If AM = MA, then 
A'M’ = (AAA)(AMA) = A(AM)A = A(MA)A 


= (AMA)(AAA) = M’A’. 
Conversely, let A’M’ = M’A’; then 


AM = (Ad’A)(AM’A) = A(A'M’)A = A(M'A’)A 
= (AM’A)(AA‘A) = MA. 


Lemma 3. A necessary and sufficient condition that a transformation be 
permutable with M’ is that it be a multiplication. 
Suppose the transformation J’ , 


(8) Yn = p> Gn, k Tk 


is permutable with M’. Then writing M’A’ = A’M’, we have 


On, te = Ln, 
& k 


Hence 


n 
or 
(n—k)an,,. = 0. 
Therefore, when k + n, dn,, = 0. Writing an, = fn, we have the multi- 
plication (4). 
Conversely, if we denote by A’ the transformation (4), obviously 


M'A’ = A'M’. 


Combining the two preceding lemmas, we have , 


| 
| 
n 
an, k Qn, k 
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Lemma 4. A necessary and sufficient condition that A be permutable with 
M is that there exist a multiplication A’ such that A = AA’A. 

We shall now say that A corresponds to A’ if A = AA’A. 

Lemma 5. If A and B correspond to A’ and B’ respectively, then AB corre- 
sponds to A’B’ . 

For AB = (AA’A) (AB’A) = A(A’B’)A. 

Lemma 6. Two transformations, each permutable with M, are permutable 
with each other. 

For two multiplications are obviously permutable; hence if A, B correspond 
respectively to A’, B’, then AB and BA, which correspond by Lemma 5 
to A’B’ and B’A’, are equal. 

THEOREM II. All regular definitions permutable with M are consistent. 

Let A and B be any two regular definitions permutable with M , evaluating 
the sequence (2,) to £ and 7 respectively. Then (z,) is evaluated by BA 
to and by ABton. Since by Lemma 6, AB = BA, it follows that & = 7. 

TueoreM III. Jf A, B are regular definitions permutable with M , and if A 
evaluates (2,) to — and B evaluates (y,) to n, then AB evaluates (xn + yn) to 
E+. 

For evidently AB evaluates (2z,) to £ and (y,) to 7. 

THEOREM IV. A necessary and sufficient condition that A be permutable 
with M is that there exist numbers f;, fo, «++ such that 


(n-1)! 


If A is permutable with M, then by Lemma 4, A = AA’A, where A’ is 
given by (4). Hence we have for A the formula 


(n—1)! 
m= pit 
(h—1)! 
_Bfe (n —1)! 


which proves (9). 
Conversely, if (9) is satisfied, (10) shows that A = AA’A, where A’ is a 
multiplication. 


3. REGULARITY OF TRANSFORMATIONS PERMUTABLE WITH M 


We have seen that the symbol ap E + a; M + a, M? + --- gives rise to a 
regular transformation if f(z) = ao + a1z + a22*°+ --- is analytic in the 


| 

| 

| 

| 
| 
| 
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unit circle. We consider next a general function f(z) of the complex variable 
z; and we define f(M), the corresponding function of M, to be a trans- 
formation for which the numbers ap, , are given by the formula* 


n (n 1)! 1 


It is evident from Theorem IV of the preceding section that f(M) is permut- 
able with M, and from Lemma 5, that if h(z) =f(z)g(z), then h(M) 
= f(M)g(M). We shall now prove a theorem which contains Theorem I 
as a special case. 

THeorEeM V. The transformation f(M) is regular if f (z) is analytic within 
and on the boundary of the circle C of radius } about the point }, and f(1) = 

By hypothesis f(z) is analytic in a circle C, of radius $ + € about the 
point 3, where e« is a sufficiently small positive number. Since all the points 


i,%, 3, lie inside C,, we have by Cauchy’s integral-theorem 


1 1 f(t) 


Substituting this value in (11), 


(n — 1)! f(t) 


1 = (n—1)! f(t) 


Butt 
n! 1 n 4 
h h 
so that 
an, k = 2 rin zu 
ff) , 
Qrin Ce | _ n> k 
ht 


* This formula is identical with (2) of Section 1. 
t This may be proved at once by resolving the right-hand side into partial fractions 


| 
| 
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Now C, is a circle whose diameter joins the points — « and 1+. Thus 
when ¢ lies on C,, At lies on a circle whose diameter joins the points — he 
and h(1 + e€), and 1/ht lies on a circle whose diameter joins the points — 1/he 
and 1/h(1 + e€); hence 


Let L be a constant greater than the absolute value, on C,, of f(t)/@, and 
let 6 = 1/(1 + €), and N = ibe +e). Then 


Nw 
lan f b= n>k. 
i 
To prove that f(M) is regular we shall show that the conditions (1) are 
fulfilled. 
(a) We find 
On, & — 
(n — k) ("—*) 1 
Hence 
T'(k — 38) 
lim |an = N-1-0=0 
(b) We have 
n n n (n —1)! (; ) 
= 
Now the coefficient of f(1/h) may be written 
(n—1)! (h—1)! 


h-k 
which equals* unity for h = 1 and zero for all other values of h. Hence 


$ti) = 4. 


* The summation is obviously equal to the sum of the coefficients in the expansion of 


(—-1+2)". 


| 

| 
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(c) We first find 


Ny 
| dn, |an,2|=— + 
h=2 
N 


~ 1 — — 8’ 
and then, by mathematical induction, 


ef Np h 


< 


so that 


= _N(n-1) 
Zila. 8) 


Since the limit, as n becomes infinite, of the expression on the right exists, 
it follows that there exists a positive constant H such that 


n—1 
x| < H. 
bas} 


Furthermore, since dn,» = f(1/n), there exists a positive constant J such that 


Hence 


k=1 
Corottary. The Hélder and Cesairo means of order r are respectively f (M) 


and g(M), where 
(12) f(z) 


The proof is immediate. It may at once be verified that the Hélder and 
Cesdro means are permutable with M; it is therefore sufficient to give for 
each case a function analytic in C, having the value 1 for z = 1 and the value 
Gn,nfor1/n. For the Hélder mean of order r, a,, » = 1/n’; hence the trans- 
formation is defined by f(z) = 2. For the Cesdro mean of order r, 


r! 


(r+n—1)(r+n—2)---n 


= 


r! 


so that the transformation is defined by the function g (2) given above. 


h — 
| 
t 
| 
lor 

| 


1917] DEFINITIONS OF SUMMABILITY 11 


4. A CASE OF IRREGULARITY 


As a case of irregularity it will be of value to study the effect of poles of the 
function f(z). The simplest function possessing a pole of the first order and 
having the value 1 at z = lis f(z) = (1 — p)/(z — p), where p + 1. 

Lemma 1. The function 


where p + 1 %s a point within or on the boundary of the circle C, does not define 
a regular transformation. 

Disregarding the cases in which p is the reciprocal of a positive integer, 
since in those cases the formula (11) for the coefficients of the matrix corre- 
sponding to f(z) breaks down, and excluding the case p = 0, since in that 
case f(z) defines the transformation M, which is obviously not regular, 
we proceed to set up a sequence (2,) and the transformed sequence (y,) in 
such a way that the former has the limit zero, while the latter does not. It 
will be simpler to define (y,) first. We may then find (2,) by performing 
the transformation corresponding to 1/f(z) = (z — p)/(1 — p), so that 


1 n 
A=1 
We take 
T(n) 1 
15 =-— 1, 
The restrictions on p show that R(p) = O and that p + 0,1,2,---. From 


these two facts we see that y, is defined for n = 1, 2, ---; and that* 


lim = ©, if R(p) > 0; 


lim =1, if R(p) =0; 
so that in neither case does y, approach zero. 
On the other hand we find 


T(n+1) T'(n) I'(n) 
T(n—p) Pin—p—1)~ 


so that 
+ 1) (n) 


°Tin—p) 


* The ratio P (n)/T (n — p) is readily studied by Stirling’s Theorem. It is seen that 
the limit is 0 or © accurding as R(p) < or >0; if R(p) =0, the absolute value of the 
ratio has the limit 1. 


| 

| 
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and 


(16) 


h=1 PTin—p) 


+1) 1 


Denoting by c the expression p/I’ (— p), which is independent of n, we have 
from (14), (15), and (16), 


(l—p)% = _T(m)_ _¢ T(m) __¢ 
PT in—p) °T(n—p) n’ 
so that 

lim 2, = 0. 


Lemma 2. If f(z) is analytic within and on the boundary of the circle C 
except for a single pole of the first order, and f(1) = 1, f(z) does not define a 
regular transformation. 

If p is the pole, we must be able to write 


(17) f(z) = + ); a+0, 


where g(z) is analytic throughout C. Assuming first g(1) + 0, we have 
from (17) 
1- 


2—p 
(18) 


Suppose now that f(2) does define a regular transformation. Then calling 
A and B the regular transformations defined by f(z) and g(z)/g(1) re 
spectively, we should find that the transformation 
1 
1,_9(1), 


a a 
is regular, since* from the assumption f(1) = 1 and from (18), 


1_g(1) 
a a 


=1. 


Hence it would follow from (18) that the function (1 — p)/(z — p) defines 
a regular transformation, in contradiction to the preceding lemma. 
In the case g(1) = 0, it follows from (17) that a = 1; and (18) becomes 


* See p. 3. 


|| 
- 
= a g(1)° 
— | 


1917] DEFINITIONS OF SUMMABILITY 13 


so that 


5(1 = +411 


If it is now assumed that f(z) defines a regular transformation it will follow, 
since 1 — g(z) defines a regular transformation, that 


and hence that 


defines a regular transformation. But this again contradicts the preceding 
lemma. 

TueoreM VI. If f(z) has at least one pole, but is analytic except for poles 
within and on the boundary of the circle C, and f(1) = 1, then f(z) does not 
define a regular transformation. 

The number of poles must be finite; denote them, each repeated as often 
as its multiplicity indicates, by p1, p2, -+:, pn. Then 


_i-m 1 — Pr 
where g(z) is analytic throughout C. If f(z) defines a regular transforma- 
tion, so will the product of f(z) by the analytic function 


1— P2 Pn 
this product, however, possesses a single pole p; of the first order, and by 
Lemma 2 does not define a regular transformation. 


5. ANALYTICALLY REGULAR TRANSFORMATIONS 


We shall now use the term analytically regular to describe a transformation 
f(M) defined by a function f(z) analytic throughout C, having the value 1 
for z = 1. A number of properties of such transformations follow immedi- 
ately from the results of the two preceding sections. 

TueoreM VII. All analytically regular definitions are consistent. 

This is evident by Theorem II, since all these transformations, being of 
the form (9), are, by Theorem IV, permutable with M. 

TuHeoreM VIII. If f(M), 9g(M) are analytically regular transformations, 
a necessary and sufficient condition that f(M) should evaluate every sequence 


1 
$ =5(1 
26(z) —1 
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which g(M) evaluates, giving it the same value, is that all the zeros of g(z) 
in C should be zeros of at least as high order of f(z). 

If (x, ) be any sequence transformed by f(.M) to (u,) and by g(M) to 
(%), then (2) is transformed to (u,) by h(.M), where h(z) = f(z)/g(z). 
In order that the condition of the theorem be satisfied, it is necessary and 
sufficient that h(.M) be regular. As the only possible singularities of h (z) 
are poles due to the zeros of g(z), h(.M) will be regular if there are no poles 
(by § 3), that is, if the zeros of g(z) are zeros of the same or higher orders 
of f(z); and will not be regular in the contrary case (by § 4). 

As an immediate deduction we have the two following theorems. 

ToeoreM IX. If f(M), g(M) are analytically regular, a necessary and 
sufficient condition that they be equivalent is that f(z), g(2) have in C the same 
zeros with the same orders. 

The Holder and Cesiro means of like order are equivalent. 

For the functions f(z), g(z) of (11), (12) are analytic in C; each has no 
zeros except z = 0, and this is in both cases a zero of order r; hence the 
two definitions are equivalent. 

THeoreM X. A necessary and sufficient condition that the analytically 
regular definition f(M) be reversible (equivalent to convergence) is that f(z) 
do not vanish in C. 


6. A NECESSARY CONDITION FOR SUMMABILITY 


In the cases of convergence and of Cesdro and Hélder summability, there 
exists a simple form of necessary condition, applied usually to the general 
term of the infinite series, that is, to the difference of two elements of the 
sequence. We have a similar test in the case of a wide range of definitions 
of the type which we are considering. 

TuHeoreM XI. [f the sequence (2, ) is transformed into a convergent sequence 
by the analytically regular transformation f(M) defined by a function f(z) 
which has no zeros within or on the boundary of the circle C’ of radius } about 
the point +, then 


lim (a, — = 0. 

We suppose that the function f(z) defines the transformation f (.M) which 
has as coefficients of its matrix (f,, ,), and that similarly g(z), a(z), b(z) 
define respectively the transformations g(M), a(M), b(M), with coef- 
ficients (gn, x), (dn, &), (bn, where 


1 
a(z)=—*, a(2). 


1 
g (2) = F(z)’ 
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Since f(z) has no zeros in C’, f[z/(z + 1)] has no zeros in C, hence a(z) 
is analytic in C and a(M) is analytically regular. Now let 


n 
= k Uk; 
k=1 


then 
In = k Yks 
k=1 
so that 
n—1 
= Jn, n Yn +2 (Gn, k Jn—1, k) Yk- 
From 
(n—1)! (;) 
we find 
(3 
Ju, k ~ = k b,-1, k—1 k>1, 
Ga, 1 = — 1, 
(4) 
= £ 1 bn—1, 
Hence 
Tn Tan = — 9 (3) Ona, + 9 (4) 


n—1 
= + 9 (3) 


The expression given by the summation sign is the result of applying the 
transformation b(M ) to the sequence 


Ys Ys 
Y2, 5» 3? 


Since b(z) = a(z)/z, it suffices to apply to this sequence the transformation 
M-", and to the result the transformation a(M). Hence the expression 
given by the summation is equal to 


n—1 
An—1, k Vk» 
k=1 


where 


= (n — (nm — 2) = yn — 
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That is, 


n—1 
Ln — = — +9(5) Didnt, (Yrs — Yr) 
(19) 


9 (4) [@n-1,1(y2 — 2y1) + Qn1.2( Ys — 
+ n—1(Yn Yn—1)). 


As the transformation a(M) is analytically regular, and as, on account of 
the convergence of (y,), 
lim (Yn = Yn—1) = 0, 
it follows that 
lim (2, — %n-1) = 0, 
as we wished to prove. 
Coro.tiary. Under the same hypotheses as in the preceding theorem 


As proof we have only to consider the Hélder means of the sequence 21, 

We obtain a more general theorem by taking a function f(z) which has a 
zero of order r at z = 0, but no other zeros in C’. Using the same notation 
as before, we have again (19). In the present case 2” a(z) defines an ana- 
lytically regular transformation; since the limit of the sequence (yn— Yn—1) 
is zero, the result of applying to this sequence first a(M), then M’, must 
give a sequence whose limit is zero; therefore the sequence 2, — 2,-: is 
evaluated to zero by M*. The usual test for Hélder summability gives 
tn — 


= 0. 
Thus we have 
THeoreM XII. If a sequence (x,) is transformed into a convergent sequence 
by the analytically regular transformation f(M) defined by a function f(z) 
which has, except at z = 0, no zeros within or on the boundary of the circle C’ 


of radius } about the point }, then 
1 
im (+) (2n — = 


7. OMISSION AND ADJUNCTION OF ELEMENTS AT THE BEGINNING OF A 
SEQUENCE 


It is natural to ask under what circumstances the evaluability of the sequence 
21, %2, X3, «++ by a definition insures the evaluability of the sequence 22, 23, 


| 

‘ 

lim — = 0. 
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ay, *** by the same definition to the same value, and conversely. Two 
remarks should be made regarding this problem. In the first place, it is essen- 
tially equivalent to that of omitting or adjoining a term at the beginning of a 
series. To the series + + us + corresponds the sequence x; = 
Xe = Uy + U2, = Uy + U2 + Uz, to the series we + uz + uy 
corresponds the sequence 22 — %3 — U1, %4 — Which differs, 
element by element, from the sequence 22, 23, 24, --+ , only by the convergent 
sequence WU, U1, U1, °**. Secondly, it is clear that in the case of any regular 
definition the possibility of adjoining an element is independent of the value 
of the element adjoined; it is the mere fact of alteration in rank of the ele- 
ments which affects the summability. 

Lemma. If, by the rth Cesaro mean, the sequence 21, x2, %3, +++ is trans- 


formed into y1, yo, ys, +++, and the sequence x2, x3, %4, into m, 2,73, °°", 
then 
r n+r r 
(20) (Ynt1 — Yn) — Uns 
r r 


From the formula for the Cesaro mean, we have 


(n—2)! 


ma 


from these formulae follows at once 
(n+r—1)yn — —1)m-1 = 


Solving for yn, we obtain easily the second of the results to be proved; solving 
for nn—1 and replacing n by n + 1, we obtain the first. 

THEOREM XIII. [Jf a sequence (2, ) is transformed into a convergent sequence 
by the analytically regular transformation f(M) defined by a function f(z) 
which has, except at z = 0, no zeros within or on the boundary of the circle C’ , 
then the sequence obtained by omitting or adjoining an element at the beginning 
is transformed by f (M) into a sequence converging to the same value. 

Suppose that f(z) has at z = 0 a zero of order r, and write* 

riz 


*The factor multiplied into g(z) is exactly the function which defines the rth Cesaro 
mean given by (12). 


Trans. Am, Math. Soc. 2 
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then g (z) is analytic in C and has no zeros in C’. Using the notation of the 
preceding lemma, it suffices to show that if either of the sequences (yn), 
(nn) can be evaluated by g(M), the other will be evaluated to the same 
value. This will be shown by proving the stronger statement, that if either 
(yn) or is evaluable by g(M), then 


lim (Yn — m) = 0. 


If (ym) is evaluable by g(./), then by Theorem XI and its Corollary, 


lim (Yn41— Yn) =0, lim" =0; 
n=O n=O 


hence by (20) the assertion follows. Similarly if (y,) is evaluable by g(M), 


lim (41 — mm) = 0, lim 
@ 
which by (21) yields the result. 

It will finally be shown that the condition on f (z) is essentially necessary,— 
more accurately, that for any p + 0 in C’ it is possible to construct a func- 
tion f(z) vanishing at p, and a sequence evaluable by f(M) for which the 
dropping or adjoining an element is not permissible. 

TueoremM XIV. Jf f(z) = (2 —p)/(1—p), where p + 0 is within or 
on the boundary of C’ , then there exists a sequence (x,) which is transformed by 
f (M) into a sequence converging to zero, and such that the sequences obtained by 
omitting and by adjoining an element are transformed by f(M) into sequences 
which do not converge to zero. 

As in §4, write p= 1/p—1. Since p is in C’, R(p) 21; assuming 
first that p + 4, 4,4, we find that p+ 1,2,3,---. Define* 


(n) 


™<T(n—p)’ 


then denoting the transformed sequence by (y,), 
— 1 
(1 —p)’ 
so that 
lim yn = 0. 


If we apply f (./) to the sequence a2, x3, #4, «++, we have 
1 
np? pr (n— pti)’ 


* The sequences (2,), (yn) here are exactly the sequences (¥,), (an) respectively of §4. 
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and applying f (.M) to the sequence 0, 21, 22, 


1 1 T(n —1) 
“nl (1—p) 
It is evident that 
lim m= © 
for R(p) > 1, that is, for p inside C’; for p on the boundary of C’,R(p) = 1, 
and 


1 
lim |m| = + 0. 
n=0 | | |p| 
We see likewise, by writing 
— 1) n—-2 T(n—2) 


a(n—-p—1) T(n—p-—l) 
that 
lim 7, = « 


n=@ 


unless p is on the boundary of C’, and in this exceptional case, 
p 


1 
lim = ry +0. 


n=O 


We have excluded the cases p = 43,4,---. If p has any one of these values 


some of the earlier elements of the sequence (2,) defined above become 
meaningless, since they involve in the denominators gamma functions of 
zero or negative integers; if, however, we replace each such meaningless ele- 
ment by zero, the preceding proof holds without alteration. 


8. CONCLUSION 


The class of analytically regular definitions considered in the preceding 
pages obviously includes a wide variety of definitions given by linear trans- 
formations. It does not, however, include all such definitions; for instance 
it fails to cover the logarithmic definitions of Riesz,* which are not permutable 
with M. 

The consistency of all analytically regular definitions and the simplicity 
of the criteria for the equivalence and the relative generality of any two of 
them introduce a considerable degree of system into the study of such divergent 
series as may be successfully treated by this particular class of definitions. 
It is all the more important, therefore, to point out some desiderata in the 
theory. In the first place, some substitute for Theorem V, involving only 


*Paris Comptes Rendus, vol. 149 (1909), p. 18. 
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real variables and conditions appropriate to real variables, is desirable, in 
order to remove the irksome requirement of analyticity in C. Again, con- 
sistency breaks down if the notion of limit be extended to include real one- 
signed infinity; for instance, the sequence 0,1, 2, 3, --- is evaluated by the 
analytically regular definition* 2M — E to the value 0. 

It is probable that a natural generalization exists of Cesdro’s resultst on 
the Cauchy-product of summable series, and of the theorem of Frobeniust 
on the behavior of a real power-series summable at an end of its interval of 
convergence. 

Finally, the general results of the paper should admit of extension to the 
case of the limit of a continuous variable. The foundation for this extension 
exists in a paper by Silverman§ establishing conditions for regularity similar 
to (1). The further theorems analogous to those of the present article will 
be treated in a future paper. 

7 ther examples of the same type are contained incidentally in the proof of Theorem XIV. 

t Bromwich, An Introduction to the Theory of Infinite Series, p. 315. 

t Bromwich, I. c., p. 312. 

§ These Transactions, vol. 17 (1916), p. 284: see also Bulletin of the Ameri- 
can Mathematical Society, vol. 22 (1916), p. 459. 
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THE RESOLUTION INTO PARTIAL FRACTIONS OF THE RECIPRO- 


CAL OF AN ENTIRE FUNCTION OF GENUS ZERO* 


BY 
J. F. RITT 


It will be desirable, in the paper which follows this one,t to have informa- 
tion as to the possibility of separating into partial fractions, the reciprocal of 
the entire function 


where the exponents p, are positive integers, and the zeros a, any complex 
numbers except zero such that 

1s convergent. 

Proceeding as in the case of a polynomial, we might form the sum of the 
principal parts in the Laurent developments of 1/{(z) at the poles a,, and 
write 


1 n, n, Pn 
Qn Qn, An 


where the expressions for the numbers f are readily found. 

An example to be given later will show, however, that the series so found 
may be divergent. Thus, a discussion of the validity of the development is 
certainly in order. 

Cauchyt discussed the resolution of meromorphic functions into simple 
elements, making suitable hypotheses for the behavior of the function on a 
sequence of closed curves. 

Borel§ has considered the problem in the light of the more recent develop- 

* Presented to the Society, April 29, 1916. 

+ The reader can go as far as the eighth article of the next paper without reading the present 
paper. We advise him, in fact, to do this. 

t Cauchy, Oeuvres Completes, 2d series, vol. 7, p. 324. For other references, see Lindeléf, 
Calcul des Résidus, Chapter IT. 


§ Borel, Annales de l’école normale, ser.3, vol. 18 (1901); Acta Mathe- 
matica, vol. 24 (1901); also, Fonctions Méromorphes, Chapter IV. 
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ments in the theory of functions, and has extended Cauchy’s results in several 
directions. 

The case where the meromorphic function is the reciprocal of an entire 
function of genus zero does not appear to have received special notice, nor 
does it seem that a specialization of more general discussions would lead to 
the result of this paper. 

We shall confine ourselves to the case where ¢(2) has only a finite number 
of multiple zeros. The theorem of this paper may then be stated: 

If there exists an integer r such that, forn =r, 


where k > 2, the formal development of 1/£(z) converges absolutely and uni- 
formly to 1/§ (z) in every bounded domain in which 1/§ (2) is regular.* 

If ¢(z) has no multiple zeros, the development to be considered is readily 
seen to be’ 


1 


where {’(z) is the first derivative of ¢(z).¢ Since |a,| goes to infinity 
with n, it is clear that this series will be absolutely and uniformly convergent 
in every bounded domain in which 1/¢ (2) is regular, if 


n=1 (an) 


is absolutely convergent. As to the case where there exist a finite number 
of multiple zeros, a similar statement is possible if we reject a finite number 
of terms of the development. 

Let us examine now the development of the reciprocal of 


Which value of z? we take is immaterial, provided that the same value is 
taken in both numerator and denominator. By direct calculation, the de- 
velopment for 1/£ (z) is found to be 


*If the condition of this theorem is satisfied, it will continue to be satisfied when equal 
zeros are written with distinct subscripts. 
t Find the reciprocal of the first term in the development of 1 / ¢ (z) for z = an. 
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9 
n=1 


which is divergent for every value of z. 
Upon this example, we shall base our discussion of the general case. Writ- 
ing equal roots now with distinct subscripts, we have 


(1-8 


Let us suppose that we can choose an integer r such that, forn =r, 


| k 
dn its: 


where k > 2. Let h be any number less than & and greater than 2. Then, 
for n sufficiently great, 


k 
es hin 
1+ 
Suppose r to have been chosen initially so that this last inequality holds for 
n=r. Then, forn=r, 


An 


| a 

h | nt+q | h —1) 

| On+-gq—1 


Multiplying all these inequalities together, 


h 1 1 


| 


| Gn >e 


fe 
— 
=e" 


so that, finally, 


We have 


| 
| 
| 

| | 
| 
| Gn n 
nt+1 
| (Wt) = 
= eee 1-- eee 1-—_ 1-—_, 

( 4 ( 4 ( 
Now, forg >n=Zr, 
h 2 
1 
Qg q q 
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so that 
| 2 
(1) > I (1 =) 
g=n+1 ag q=n+1 q 


Also, forr=q <n, 


Thus, 


> TE (7) (3-1) 
(r—1)!n™7 

>| (n — 1)! | 


(n — 1)! = Wann hen | 


By Stirling’s theorem, 


where 0 < @ < 1, so that, for n sufficiently large, 
(n-1)!<n"e*. 


Then, dropping the factor (r — 1)!, 


q=n-1 An | q=n-1 n2 
II (1 > (nen)! TT (1 


q=r qd q=r 


(2) 


Now, observing that for n sufficiently large, the first r — 1 factors of 


— (an) 


-1). 


q=n—1 
IT (1 
q=r 


[January 


are each greater in absolute value than unity, we have, from (1) and (2), 


(n~* e” 


lan (an) | > (1-2) (1-3) 


(n e” 


or finally, 


Jang? 


n® (n?) 
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From this last inequality, the absolute convergence of 


1 
An (dn) 

follows without difficulty, so that the development of 1/£(z) is absolutely 
and uniformly convergent in every bounded domain in which 1/f(z) is 
regular. 

It is not difficult now to show that the series of fractions converges to 
1/¢(z).* Let x(z) be the entire function whose zeros are the moduli of the 
zeros of ¢(z). Then, ignoring the finite number of multiple zeros of x (z), 


1 
Tan 


is convergent. Let 


It is easily seen that for n = m, 


- 


Sm (an) | =| an x’ (|an|) |. 


Hence, the sum of the last g terms in the partial fraction development of 
1/&m+q(2) goes to zero for every value of z as m and q go to infinity inde- 
pendently of each other. We can take m so as to make small at pleasure, 
for any particular value of z, the sum of the terms in the development of 
1/¢(z) which involve zeros with subscripts greater than m. As q increases 
indefinitely, m remaining {xed, 1/{ns_(2) approaches 1/f(z) and the coef- 
ficients in the development of 1/{m4 (2) approach those in the development 
of 1/¢(z). It follows readily that the development of 1/¢(z2) converges to 
1/f (2). 

Through considerations similar to those which precede, it can be shown that, 
if the zeros of £(z) are all real and positive, if an infinite number of them are 
of order one, and if, after arranging the zeros in order of magnitude (increasing), 
there exists an integer r such that, forn =r, 


Gn+1 k 


where 0 < k < 2, the partial fraction development of 1/{(z) is divergent. 
We have thus determined a value of the rate of increase of the moduli of 
the zeros of ¢(z) which is critical with respect to the convergence of the 


* This fact is not important for the following paper. 
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development of 1/f(z). It would be easy, however, to give examples where 
the zeros do not increase in absolute value as rapidly as we have supposed, 
and where the partial fraction development is convergent. For instance, if 
the zeros of ¢(z) are real and of alternating signs, weaker conditions will 
suffice to insure the convergence. * 


* For example, the reciprocal of 


can be developed formally. 


UNIVERSITY 
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2 
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ON A GENERAL CLASS OF LINEAR HOMOGENEOUS DIFFERENTIAL 
EQUATIONS OF INFINITE ORDER WITH CONSTANT 
COEFFICIENTS * 


BY 


J. F. RITT 


INTRODUCTION 


Pincherle, in his classic writings on distributive operations,t has shown 
that the inversion of distributive operations can be made to depend on the 
solution of linear differential equations of infinite order. The same result 
was reached by Bourlet,t who furthermore undertook the study of such 
differential equations, but in spite of the title of his memoir, no results appear 
which would mark a genuine departure from equations of finite order to those 
whose orders are infinite. In fact, as far as I am aware, no intensive study of 
such equations has ever been made. 

In the present paper such a study is made for the important case where the 
coefficients are constants, and are subject to one further condition. The 
first part is given up to the theory of the “ entire differential operator of 


genus zero,” 
D 
ay a2 an 


where D denotes differentiation and where the constants a, are such that 


1 
|an| 
is convergent. As far as I know, this operator has never been studied before. 
Its most notable property is that its domain of applicability consists of all 
analytic functions. That this property belongs to the linear differential 

* Presented to the Society, under a different title, April 29, 1916. 

1S. Pincherle, Operazione distributive, p. 136; Mémoire sur le calcul fonctionnel distributif, 
Mathematische Annalen, vol. 49 (1897), p. 356; Equations et opérations fonc- 
tionnelles, Encyclopédie des Sciences Mathématiques, II, 26, p. 25. 


tC. Bourlet, Sur les opérations en général et les équations linéaires différentielles d’ordre 
infint. Annales de l’école normale, ser. 3, vol. 33 (1897). 
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development of A was probably known to Bourlet, although he made no 
explicit mention of the fact. 

The second part contains a discussion of the most general solution of the 
equation Ad(z) = 0. The general properties of the solutions are first 
obtained—the most striking being, perhaps, that the solutions are all uniform— 
and the analytical representation of the solutions is discussed. In §11 an 
application is made to the theory of analytic prolongation, there being ob- 
tained, from an entirely new point of view, a known sufficient condition that 
the circle of convergence of a power series be a natural boundary. 

I hope to present later the results of an investigation which I am now 
conducting on the inversion of other classes of operators. 

In notation, I have followed Pincherle, in the main, using capital Roman 
letters for operators, and small Greek letters for functional symbols. The 
sum and the product of two distributive operations are defined by the equations 


(A + B)o(z) = Ad(z) + Bo(2z), BAg(z) = BlLAG(z)], 


respectively. Other questions of notation will be hand!ed as they arise. 

Professor Fite has read this paper, as well as the preceding one, and he is 
responsible for numerous improvements in both. I welcome this opportunity 
to thank him. 


Part 1. THE ENTIRE DIFFERENTIAL OPERATOR OF GENUS ZERO 


1. The operator as an infinite product. The reader is familiar with the 


(1-2), 
ay An 


where a, @2, ***, @,, are any real or complex numbers except zero. We 

shall call each operator (1 — D/a,) a “ factor,” and each a, a “ zero” of An. 

The domain of applicability of A, consists of all functions which have n deriva- 

tives. The order of the factors of A, is immaterial. It is legitimate to de- 

velope A, as a polynomial in D and to apply it as a linear differential operator. 
We shall define now the operator 


We are to have 
(z) = lim A, $(2), 


operator 


so that A¢d(z) will have a meaning provided that @(z) has derivatives of 
all orders, and that the limit involved in the definition exists. Thus, to 
operate with A will be to operate first with (1 — D/a,), to apply (1 — D/az) 


| 

| 
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to the result, etc. When A¢(z) has a meaning, we may speak of it as being 
convergent. What we shall mean by the convergence being uniform in a 
given domain is obvious. We are interested here in the case where 


is convergent. In that case, we shall call A, by reason of an obvious analogy, 
an “entire differential operator of genus zero.” We shall prove, concerning 
such an operator A, the 

TueoreM I. If is holomorphic in a given domain, Ag (2) converges 
in that domain, the convergence being uniform in every closed and bounded domain 
interior to the given domain. 

It follows from a well-known theorem of Weierstrass that A@(2) con- 
verges to an analytic function. 

We shall need the following statement of Taylor’s theorem: 

Lemma Ia. Denoting by e*” the operator 


a’ D? a” 
of which the manner of application is evident, and operating with e’” upon the 
function (2), analytic for |z|S r, where r >|a|, we obtain (z+ a), which 
is analytic at least for |z|= r —|a|. 

We must have also the following lemma: 

Lemma Ib. If ¢(z), analytic for |z|= 1, has h as the upper bound of its 
modulus for \z|=r, then, if |z:| and |z2| are each less than r — 6, where 
0 <6 <r, we have 

hr — 


(22) 6(a)| <5 


In short, the derivative of ¢(z) will have as a majorant, for |z|=r, the 
function hr/(r —|z|)?, so that, for |z| <r — 6, 


dp(z)| _ hr 

| dz | ~#’ 
and 
| hr|z. — z 
|b (z2) — =) < 

We shall consider now the convergence of A¢(z) in the neighborhood of 

any given point, which point we shall take as the origin for simplicity. ‘Thus, 
let 


| 

= 
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be regular for |z|=r. Now, let 


and let Z be the operator formed by the first n factors of A. Also, let 
(2) ={bo|+|bilz + + + 


The majorant like ¢(z), is regular for |z|=r. Take any 6 >0, 
where 35 <r. We shall study first the effect of operating on $(z) with A, 
for |z|<r— 35. Take any e, positive, but less than 6, and choose an 
integer m such that, if n = m, 


n+p 1 

n+1 | Aq 
for every positive integer p. The coefficient of any power of D after the first 
in the development of 


D D D 
| | | |@n+| 


is less than the coefficient of the same power of D in the development of 
I 
{ 1 1 
= = D 


Hence, for |z|= r — 6 and for n = m, we have by Lemma Ia, 


D D = - 


< A, o(|2z|+ €) As 
Let n have the value m for a moment. Since A,,¢(|z|) is bounded, for 

= 

An |2|+ €) — Am 
is bounded for |z|= r—6. Then, by the above inequality, all the functions 
Amip &(\2|), or, what is the same, all the functions A, ¢(|z|), forn = m, 
have a common upper bound h for |z|= r—6.* Then, by Lemma Ib, we 


have for |z|= r — 36, for any n greater than or equal to m,.and for any p, 


(Antp — An) < 


Since the coefficient of any power of D in A, is not less than the absolute 


* It is essential to bear in mind that although we used an e¢ in determining h, this h depends 
really only on the sequence of functions A,¢@ (| z|) and can be used again and again while e 
is sent to zero by increasing m. 


| 
| 
( Antp A,) (|2|) + | + 4 n ((2|) 
| 
a 
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value of the corresponding coefficient in An, it is clear that A, ¢ (2) will be a 
majorant of A, ¢(z), so that ; 


(1) A, = |D* An o(z)|, 


for z = r and for every g. Now we have already seen that 


lant] 
and that 


(1 -.) 1 | 4.402). 


Comparing the corresponding coefficients in the developments of Anyp — An 
and Ans, — An, and taking account of (1), we have 


h 
(2) — An) (2) |S — An) 


for |z!=r — 36 and forn =m. Since h and 6 are fixed numbers, and since e 
can be made arbitrarily small by a proper choice of m, it is clear that Ad (z) 
converges uniformly for |z|= r— 36. It follows immediately that Ag (z) 
converges to a holomorphic function in any domain in which ¢(z) is holo- 
morphic. Also it can easily be shown by means of the Heine-Borel theorem 
that the convergence is uniform in every closed and bounded domain interior 
to the domain of regularity of ¢(z). Thus Theorem I is proved.* 

It would be natural now to state this theorem for any domain on a Riemann 
surface. To avoid whatever may be vague in the concept of the most general 
such surface, we limit ourselves to saying, that if @(2) is multiform, Ag (z) 
converges uniformly on any curve of finite length along which ¢(z) can be 
prolonged, whether the curve intersects itself or not. This fact will be very 
useful to us later. 

In the case where >> 1/|an| is divergent, it is easily seen that Ad (z) diverges 
to + « for every positive value of z less than r. Thus, the condition that 
>> 1/!a,! be convergent plays practically the same réle in the present theory 
as it does in that of the infinite product. 


* Theorem | can be extended to the case where each differentiation is preceded by a multi- 
plication by an analytic function ¢, (z) and is followed by a multiplication by an analytic 
function x, (z), provided all the functions ¢,(z), xn(z) have a common upper bound 
for their moduli in the given domain. Operators in which each ¢, (z) is unity and in which 
xn (z) does not vary with n, may be reduced to the form of A, above, by a suitable change 
of variable. ; 

Theorem I indicates, and further developments will emphasize, the analogy between the 
theory of the operator A, and that of the ordinary infinite product. One distinction will, 
however, arise. We shall see, in fact, that although an absolutely convergent infinite product 
cannot vanish unless one of its factors does, Ad (z) may very well converge to zero without 
any And (z) being identically zero. 


| 

| 

| 


32 J. F. RITT: [January 


Throughout the rest of this paper, A will stand for an entire differential 
operator of genus zero. 

2. Degree of convergence.* From the inequality (2) above, we infer, since 
h,r, and 6 are fixed once for all, and since e can be taken as >>%,,1/|a,|, the 
result: 

TueoreM II. In any closed and bounded domain interior to the domain of 
regularity of (2), the convergence of Ad(z) ts at least as rapid as that of 
> 1/|an| ; that is, the ratio of |Ad(z) — An @(z)| to 1/|aq| ts ultimately 
less than some finite number. 

This is evident for a sufficiently small neighborhood of any point, and the 
extension to the larger domain is immediate. 

An interesting special case presents itself when Ag¢(z) converges to zero 
for all values of z.{ Suppose ¢(z) regular for |z|=r. Preassigning some 
positive integer m, take 6 > 0 such that 2mé <r, and so choose s that, for 
n>s8, 

1 


n+l |@q| 


Let ¢, be the maximum of |A,¢(z)| for |z|=r. Then a majorant of 
A, @(z) will be re,/(r —|z|). Hence, by what we have seen in the proof 
of Theorem I, we must have, for |z|= r — 26, and forn > s, 


D D n 
< re, 


Thus, since A,;» ¢(z) approaches zero as p increases, 


for |z|= r — 26 and for n > s. Carrying out this process m times, with a 
few slight modifications, we find, finally, 


1/|aq|)™ 


(3) 


for |z| = r — 2mé. Since, when 4 is once fixed, , 1/|a_| becomes infinitesi- 
mal compared to it as m increases, we infer from (3) the two theorems which 
follow. 

III. If Ad(z) = 0, the modulus of Angd(z), at any point, 
becomes infinitesimal as n increases, compared to the maximum modulus of 


* This section can be omitted in a first reading. 
t See the final remarks in the footnote on p. 31. 
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A, & (2) on any circle about that point as center, on and within which (2) is 
regular. 

To a certain extent, this fact is not surprising, for it is well known that, 
in a closed and bounded domain, the modulus of an analytic function assumes 
its maximum value on the boundary. It is from the intensity of the phe- 
nomenon that the theorem derives its interest. 

TueoreM IV. If Ag(z) = 0, |An@(z)| becomes less in absolute value 
than any preassigned power of >.%,,1/\aq| as n increases. 

This is seen, from (3), for a neighborhood of every point, and can be extended 
immediately to any closed and bounded domain of regularity. 

3. The operator A as a linear differential operator. A can be developed 
formally into a linear differential operator (A), of infinite order. How (A) 
is to be applied to an analytic function @(z), and what we shall mean by 
the convergence or uniform convergence of (A)@(2) in a given domain, 
are matters on which it is unnecessary to dwell. 

THEoREM V. If $(2) is holomorphic in a given domain, (A)@(z) con- 
verges to Ap(z) in that domain, the convergence being absolute, and uniform in 
every closed and bounded domain interior to the given domain. 

Let (A ), be the operator formed by the first n + 1 terms of (A).* Choos- 
ing first an e > 0, take m such that for n > m, 


(4) Antp  (|2|) — (|z|) < de, 
for |z|=r, and for every p. It is easy to see that 
(5) (Ania (lz|) — (lz) <e, 


for |z|=r and for every q. In short, as p increases, the first n + q +1 
coefficients in the development of An,» approach the corresponding coef- 
ficients in (A )n4q, and An+» Will also have terms of higher order, with positive 
coefficients. Thus, if there is a g for which (5) is not satisfied, (4) will not 
hold either, for sufficiently large values of p. 


Now (A)niq — An is the linear differential operator formed by the first 
n + q + 1 terms in the development of 


so that the coefficients in the development of (Ante) — A, are positive, and 
are each not less than the absolute values of the corresponding coefficients in 
(A)ntg — An. Hence, referring to (5), we have 


\(A)ntg (2) — Ang (2)|S 
* Observe that (A ), is not the development of An. 
Trans. Am, Math, Soc. 3 
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for |z|=r, for n > m and for every qg. From this last inequality, the truth 
of Theorem V for |z|=,r follows without difficulty. The extension to the 
larger domain is immediate. The absolute convergence follows from the 
convergence of (A) (2). 

Corotuary I. The order of the factors of A is immaterial. 

In short, whatever be the order of the factors, the same (A ) will result. 

Coro.uary II. A is commutative with any power of D. 

This is clearly a property of (A), and hence one of A .* 

That (4A)@(z) always converges was very probably known to Bourlet, 
although he failed to state the fact explicitly.| Bourlet would have appealed, 
for the proof, to a theorem by Poincaré on the coefficients of an entire func- 
tion. On the other hand, our method of proof has put us in a position to 
prove 

Porncare’s THEOREM.{ If 


(2) = Cot eye + + + +>: 
is an entire function of genus zero, and if a is any number whatsoever, then 
lim,-. ”!a"c, =O. 
Let us operate on 1/(1 — az) with 
(A) =o 


at the pointz = 0. We get, since 


) = , 
1 — az/ 2-0 


1 
A) (; Co tac, + t+ +nla"e, 


Poincaré’s theorem follows from the convergence of the series above. This 
theorem is only a special case of a theorem which Poincaré proved, by an 
entirely different method, for entire functions of any finite genus.§ 

The two theorems which follow will be of frequent use. 

THEeorREM VI. Given a domain d, a closed and bounded domain d, interior 
tod, and a positive number €, we can find a positive number h such that | Ad (2) | 
< € in d; when (2) is holomorphic, and less in absolute value than h, through- 
out d. 

If #(z) is regular for |z]|= r, D® @(z) will have as a majorant 


n! hr/(r 


* Cf. Pincherle, Operazione Distributive, p. 119. 

Tt Bourlet, loc. cit., pp. 159 and 161. 

t In the proof, we assume that cy + 0, but this is not essential. 
§ See Borel, Fonctions Entitres, Chapter III. 


| 

| 
| 
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so that, if0 <i<r, 
n! rh 
|D" $(2) |S 


for |z|=r—6. Then, using the expression for (A) above, 


rh ley] 2!lee| n!| Cn | 

Referring to the proof of Poincaré’s theorem, we see that the series within 
the parentheses is convergent, so that |(4)¢(z)| goes to zero with h, for 
|z|=r-— 26. This proves the theorem for a neighborhood of any point, 
and the extension to the domain d, is immediate. 

THEOREM VII. Given the domains d and d, above, and any two positive 
numbers, eand h, we can determine a positive number n such that, if 5>1/\an| <n, 
we have 


|A¢(z) — o(z)|<e 
in d,, provided ¢(z) is holomorphic, and less in absolute value than h, through- 
out d. 
The proof, which is very simple, we indicate briefly. If @(z) is regular 
for z =r, it will have, in the neighborhood of the origin, a majorant (2), 
which is less in absolute value than h for |z| =r. Then, ify <6 <r, 


h 
|Ap(z) — o(2)|S|Ag (lz!) — |< — ([2|) 


forz =r—6. This inequality leads readily to the theorem. 

We shall need later, in considering multiform functions, the following 
modification of Theorem VII. 

TuHEeorEM VII;. Given a function @(z), a curve of finite length on which, 
inclusive of the extremities, @(2) is analytic, and any « > 0, we can find an 
n > 0, such that, when >°1/|an| <n, we have 


|Ag(z) — $(2)|<e 
along the curve in question. 

4. Distributivity of the operator 4. From the fact that every A, is dis- 
tributive, it follows that A is also distributive; that is, as long as only a finite 
number of functions are involved. To extend the distributivity of A to the 
sum of an infinite number of functions, we prove the theorem which follows: 


TueoreM VIII. Jf 
(z) dn (2) 


is uniformly convergent in a given area, each o,(2) being holomorphic in that 
area, we have, in the given area, 


Ay (z) = 2, Aga (2), 


| 
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and the series in the second member of the last equation is uniformly convergent 
in every closed and bounded domain interior to the given area. 

The proof involves the application of a principle stated by Pincherle for 
all distributive operations.* We have 


Ap (2) = A + A = Ada (2) + AD 


n+ 
But from the uniform convergence of >> ¢, (2) and from Theorem VI, we see 
that 

A (2) 

goes to zero uniformly in any closed and bounded domain interior to the given 
area as m increases indefinitely. The theorem is proved. 

5. Multiplication and factorization of operators. 

THeoreM IX. If A and B are two entire differential operators of genus zero, 
their product BAT will also be an entire operator of genus zero, and its factors 
will be the combined factors of A and of B. 

Obviously, the theorem will be proved if we can show that 


(2) = limyze Bn An 


for every analytic ¢(z). We have, identically, 

BA@ (z) — Bn And(2) = B(A — An) b(2) + (B — Ba) An g(z). 
Now, in any closed and bounded domain, (A — A,)@(z) goes to zero uni- 
formly as n increases, so that, by Theorem VI, B(.A — A,)¢(z) approaches 
zero also. We have 


(B By) dn = {| (1 )(1- 


where the significance of the numbers b is evident. Now, since B, A, ¢ (2), 
as we know beforehand, approaches a limit uniformly as n increases, it must 
stay bounded, as n increases, in any small domain of regularity of @(z). 
Thus, the conditions of Theorem VII hold, and (B — B,) A, ¢(z) is seen to 
approach zero. The theorem is proved. 

Corotuary I. The product of any finite number of operators of genus zero 
can be formed by collecting the factors of the separate operators. 

Corouiary II. The operators A and B, above, are commutative. 

Corotuary III. It is legitimate to group the factors of A in any manner, 
writing A as the product of a finite or an infinite number of operators, each con- 
taining a finite or an infinite number of the factors of A. 


*Mathematische Annalen, vol. 49 (1897), p. 349. 
+ See the remarks on notation on p. 28. Note that we do not refer to the formal product 
of A and B. 
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For the case of separation into a finite number of operators, this follows 
directly from Corollary I. In the case of an infinite number of operators, a 
few other simple considerations are necessary. 


Part 2. THE HOMOGENEOUS EQUATION OF GENUS ZERO 


6. Comparison with the equation of finite order. The object of the second 
part of this paper is to discuss the most general analytic function ¢(z) such 
that 
(1) Ag¢(z) = 0. 


We shall call (1) the “ homogeneous equation of genus zero.” 

If (2) satisfies (1) in an arbitrarily small neighborhood, it will satisfy 
(1) in its entire domain of existence, for, by Theorem I, A¢(z) is analytic 
on every curve along which ¢ (2) can be prolonged. 

Evidently, the solutions of every equation 


(2) =0 
are solutions of (1). Also, if the zeros of A are 


of multiplicities 


respectively,* we have the 


THEOREM X. [f the series 
(2) = + + + en, 27) 
n=1 


is uniformly convergent in some area, it satisfies (1) in that area. 

This follows from Theorem VIII, since each of the terms of the series is a 
solution of.(1). 

Theorem X indicates that (1) has solutions which satisfy no (2), and that 
the general solution of (1) contains an infinite number of arbitrary constants. 
It does not furnish a rigorous proof of either of these facts, for we cannot say, 
as yet, that all of the parameters in the series above are essential. However, 
we shall show that (1) has solutions which satisfy no (2),{ and indeed, in a way 
which will reveal a striking difference between the two kinds of equations. 
The solutions of (2) are all entire functions. We shall show that the solutions 
of (1) may have singularities in the finite part of the plane. The series 


* Note that 


n=1 | Qn | 


is convergent. 
+ Cf. the second paragraph in the footnote on p. 31. 
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which is uniformly convergent in any domain in which the real part of z is 
less than some negative number, is, in such a domain, a solution of (1) when 
the zeros of A are 1”, 2?, ---, ?, ---. As 2 increases towards zero on the 
axis of reals, the terms of the series will each approach unity, and the series 
will tend towards + ©. Thus, the function defined by the series cannot be 
regular for z = 0. 

Still, the theorem which follows establishes a close connection between (1) 
and (2). 

Tueorem XI. The solutions of Ad(z) = 0 and the successive integrals of 
such solutions, are all uniform functions. 

It is a question of showing that every analytic ¢(z) such that 


AD? $(z) =0, 


p being any integer, is uniform. Suppose then that the equation above has a 
multiform solution ¢(z), and let ¢ be a point at which ¢(z) has more than 
one value. By the second corollary of Theorem V, we have also 


D? = 90. 


There must exist a curve, beginning and ending at c, along which ¢(2) can 
be prolonged, and which leads from one of the values at ¢ to a second. 

In operating upon ¢(z) with A, it is permissible, by the third corollary of 
Theorem IX, to apply first the operator 


1 ———}.--., 
On+1 On+2 


which we shall denote by Az' A, and to follow with A,. Thus, Ay' A¢(z), 
since it vanishes when operated upon with D? A,, is uniform along the curve 
described above. As n increases indefinitely, we see, by Theorem VII, that 
A;' Ad@(z) approaches ¢(z) along that curve, so that ¢(2) cannot have 
two distinct values atc. The theorem is proved. 

THeoreM XII. [f a solution of Ad(2) = 0 ts analytic on the entire cir- 
cumference of a circle, it is analytic throughout the interior of the circle; in par- 
ticular, no solution of Ad(z) = 0 can have an isolated singularity.* 

It will suffice, for the proof, to show that ¢(2) cannot have a Laurent de- 
velopment, at any point, in which negative powers are actually present. 
Suppose, then, that 


@(2) = bo +b) (2 — 21) — 2m)? +--+ 
+ — + + + 


where b_, + 0, the development being valid in some ring about 2. Now, 
since 


* We except the case of an isolated singularity at infinity. 


_ 
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is uniformly convergent in the ring, it is possible, by Weierstrass’s theorem, 
to get the development of (A)@(z) at z, by adding up the developments of 
its separate terms. It is easily seen that the development of (A)@(z) must 
contain the term b_,(z — 2,)~", so that (4)@(z) cannot be identically 
zero. This proves the theorem. 

This theorem is also a direct consequence of Theorem XI; for if the Laurent 
series above contained negative powers, a sufficient number of integrations 
would introduce a logarithmic term, and one of the integrals of (2) would 
be multiform. 

7. Determination and identification of the formal development. Judging 
by Theorem X, one might suspect that every solution of Ad(z) = 0 is ex- 
pressible, in all or in part of its domain of existence,* by a uniformly con- 
vergent development 


n=1 


(3) DY ttn = (Cn, 0 +. Cn, 1% eee Cu, 


We shall show how this development can be determined when it exists. 
Denote by (1 — D/a,)~ A, where r = p,, the operator 


(1-2) 
ay a2 an 


Let £(2) be the entire function which results on substituting z for D in the 
expression for A, and let ¢ (z) be the mth derivative of ¢(z). 

Let us operate on both sides of (3) with (1 — D/a,)“1A. Clearly, the 
only contribution from the second member of (3) will be from the nth term, 
and then only from ¢p, We find, by direct calculation, 


( >) gPn—l pant — ( — ] ) (Dn 1)! 


An ai 


The second member of the last equation is readily expressed by means of the 
path derivative of ¢(z), calculated according to Leibnitz’s theorem. We 


find thus, 
Pn q?n 
(1-2) ™ = (ay) 


An Dn! 


Hence 


D\‘\" An Pn) (dp) 


* That is, in a two-dimensional part. 


\ and 
| 
| 
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Pn 
We find, in a similar manner, for the other coefficients in the nth term, the 
recursion formula 


Pn! 


Formula (4) sbows that if a uniformly convergent development (3) exists, 
it will be unique. The question arises as to whether (3) represents ¢ (2) if it 
is uniformly convergent in a part of the domain of existence of @¢(z). The 
reply is affirmative. We shall prove, indeed, with greater generality, the 
following theorem: 
TneoreM XIII. [f there exists a number h such that 


| _” 
ug <h 
} 1 


for every n, in an area contained in the domain of existence of @ (2), the develop- 
ment (3) converges uniformly to @(2) in every closed and bounded domain d, 
interior to that area. 

One of the points involved in the proof will be of great importance later, 
and is of interest in itself. We therefore stop to give it as a separate theorem. 

THeoreM XIV. The result obtained by operating on a solution of Ad(z) = 0 
with all but a finite number of the factors of A , is identical with the result obtained 
by operating formally on the development (3) of that solution, whether the develop- 
ment is valid or not. 

We are to operate on a solution, ¢(z), and on its development (3), with 


ay Pm 
ay Om Am+1 Qn 


where S pi, 1 = 1,2, +--,m. The contribution from the development 
(3) will come only from the first m terms, >>” ug. It suffices then to show that 
we get identical results when we operate on the solution and on its develop- 


ment with 
Qm+1 


the application of the finite number of remaining factors will not disturb the 
equality. 

The finite series 5°” ug is a solution of A¢(z) = 0, and thus admits of 
development into a series (3), by the method exposed above. Since we know 
beforehand, from the very form of the solution, that a valid development 
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exists, and since we have seen that such a development is unique, the process 
above will conduct us again to the finite series }>" u,. The function ¢ (2) 
— >>" ug is also a solution of Ad (z) = 0, and has a development (3). Since 
the operations effected in obtaining the development (3) are distributive, and 
since the first m terms in the developments of ¢ (z) and of >>" u, coincide, the 
first m terms in the development of ¢(z) — >.7' ug must be identically zero. 


Thus, drawing from (4) the coefficient of e“* in that development, we get, 


fori =m, 
(1 “al Du, | = 0. 


D\" D D \?m-1 
It is a simple matter to show that the differential equations (5) have no 
common integral except 
En (z) 0, 
and this establishes our theorem, in virtue of the opening paragraph of the 
proof. 
Now we return to Theorem XIII. By hypothesis, |¢(z) — >07 uq| stays 
bounded, as m increases, in a domain to which d, is interior, and, since 


Em (2) = 0, 


we see by Theorem VII that ¢(z) — >>" wu, approaches zero uniformly in d,. 
Theorem XIII is proved.* 

8. Second form of the development. Convergence discussion. To discuss 
the convergence of the development (3), we shall exhibit ¢(z) in a some- 
what different form. Without concerning ourselves with questions of con- 
vergence, let us suppose that we have, formally, 


An An An 


* The methods of the two theorems just proved permit us easily to show that all solutions 
common to A¢ (z) = 0 and B¢ (z) = 0 are solutions of Cd (z) = 0, where the factors of C 
are the factors common to A and to B. 


Let 
Then 
) \ D\ 2: )\?Pm 
tm (z) = 0, 
ag a3 An 
D\" D\?3 D 
| 


or 


This being considered as an identity in z, the subsistence of a similar identity 
in D would lead to a development of ¢(z) in the form 


)\-1 
= Dim = Ag (z)+::: 


+ fa, |. 


We say, in fact, that the nth term 2, of (6), taken as a whole, is equivalent to 
the nth term wp of (3). Ifa, is not a multiple zero of ¢ (z) , the proof is almost 
immediate, and doubtless the general case could be handled by mechanical 
transformations, but the method which follows, though somewhat indirect, 
will be less painful. 

First we observe, referring to Theorem XIV, that 


D\~?n 
(7) (1-2) A[¢(z) — = 0. 
We shall prove also that 
(8) (1-2) =0. 


This will follow as soon as we have shown that 


—1 D 
(9) t= fur(1-2) Ate + (1-2) At». 


We know that (6) becomes a true identity if we employ the operator A» 
instead of A, and the partial fraction development of the reciprocal of the 
first m factors of ¢(z) instead of that of 1/f(z).* Since 


D \Pn 
(1 = 0, 
an 


we get, for sufficiently large values of m, an identity for v, consisting of pp, 
terms, as in (9). As m increases indefinitely, we approach the expression 
for v, in (9). Then 


ini(1-2) A[d(z) — m] 
(10) “ 


From (10) follows the truth of (8), for if the last term of (10) were not identi- 


* We understand in this that equal zeros are written separately. 
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cally zero, it would be the product of e*»* by a polynomial in z, while the 
terms which precede the last would be products of e*»* by polynomials of 
lower degree, so that (10) would be impossible.* 

From (7) and (8), 


But, also, 


D Pntr D 
w=[(a- ) | (uy 
An+r On+r+1 
D\P D \P- D \?nt Pat 
ay Qn-1 An4r—1 
D\Pn 
(1 w=0. 
an 


As in § 7, the last two equations can have no common integral except w = 0, 
and, as r increases, w approaches u, — v,, so that finally, 


Let 


Un — Un = 0, 
as was to be proved. 
The equivalence of (3) and (6) enables us to state sufficient conditions for 
the convergence of (3) in the entire domain of existence of ¢(z). We say, 
in fact, that if 


is convergent, the development (3) converges absolutely and uniformly to @ (2) in 
every closed and bounded domain interior to the domain of existence of 6(2). 

For the proof, it evidently suffices to show that being given such a closed 
and bounded domain, there exists a positive number h such that 


| 
(1 -2) Ag (z) <h 


in that domain, for every n and for r= p,. The existence of such an h can 
be shown by applying Theorem VII, remembering that A,» (2) approaches 
zero as m increases indefinitely. Indeed, it is seen that (1 — D/a,)~” Ad (2) 
approaches zero as m increases. 

Thus, in virtue of the result of the preceding paper, we can say: 

If ¢ (2) has only a finite number of multiple zeros, and if there exists an integer 


* Observe that we cannot have fn, p, = 0. 


D\~?n 
(1-2) A(tUa — %m) = 0. 
(1 
Un — = 0. 
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r such that, forn > r, 

| 

45, 

n 
where k > 2, the development (3) converges absolutely and uniformly to ¢(z) in 
every closed and bounded domain interior to the domain of existence of @ (2). 

It is possible, however, to obtain a much weaker condition for the validity 

of (3). Any solution of Ad (z) = 0 is also a solution of Bd (2) = 0, provided 
the zeros of A are included among the zeros of B. Let w be a primitive lth 
root of unity. Then let B possess, together with every zero a, of A, the zeros 


2 | 


If A has some w* a, as a zero, as well as a,, the above set of zeros will be 
repeated in B. Evidently, B as thus determined will be an entire operator 
of genus zero. We may write it 


Pp Pp l n 
p= 2)... 
a, a, a,, 


Let 7(z) be the entire function which results on substituting z for D' in the 
expression for B. Then, corresponding to the formal development of 1/n (z) 
into partial fractions,* we can get a formal development of ¢ (2) similar to (6), 
the operator D! taking the place of D. Without modifying greatly the dis- 
cussion in connection with (6), we can show that the new development of ¢ (z) 
is equivalent to (3), provided we collect into one term, those terms of (3) 
which arise from distinct zeros of A whose lth powers are equal. We may 
thus state the theorem: 

TueorEmM XV. If the sum of the coefficients in the formal development of 
1/n(z) is absolutely convergent, the development (3) converges absolutely and 
uniformly to @(2) in every closed and bounded domain interior to the domain of 
existence of @(z), provided we unite those terms of (3) which arise from distinct 
zeros of A whose Ith powers are equal.t 


Now, if 
An k 
An n 
where k > 0, we have 
Ie 
1 + n 


n 


Since we can so take / that lk > 2, we have the theorem: 
Tueorem XVI. If A has only a finite number of multiple zeros, and if there 


* Observe that two distinct zeros of A may lead to equal zeros of 7 (z). 

t In proving that the development yields ¢(z) it is necessary to extend Theorem XIII 
to the case where the terms of Su, are grouped arbitrarily. This extension, like Theorem XIII 
itself, follows directly from Theorem XIV. 


— 
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exists an integer r such that, forn > r, 


An41 k 
n” 
where k > 0, the development (3) converges absolutely and uniformly to $(z) 
in every closed and bounded domain interior to the domain of existence of o (z) .* 
9. Example of a divergent development. Method of summation. If the 
moduli of the zeros of A do not increase with sufficient rapidity, the develop- 
ment (3) of a solution of Ag¢(z) = 0 may diverge everywhere, or may con- 
verge in only a portion of the domain of existence of the solution. It will 
suffice to give an example of the latter case. 
Consider the series 


where each 6, is some positive number, less than unity, which will be fixed 
later. This series is uniformly convergent in any domain in which the real 
part of z is less than some negative number. In short, |e”’~*»*| and |e 
will each be less than r™~', where 0 <r <1. Also, the series is divergent 
when the real part of z is positive, for then |e"*|> 1. The analytic function 
which is represented, perhaps in part, perhaps in all of its domain of existence, 
by the series above, is a solution of A¢(z) = 0 when A has each number n? 


n2z | 


*If the condition of this theorem is not satisfied, it may be possible to interpolate new 
zeros between those of A in such a way that the condition is satisfied by the new operator. 
In that case also, every solution of Ag(z) = 0 has a valid development. 

An interesting consequence of this theorem is that every equation Ag(z) = 0 has solutions 
which are not entire functions. The real and imaginary parts of a, cannot both stay bounded 
as n increases. To fix our ideas, suppose that the real parts do not stay bounded, and further- 
more suppose that we can select a sequence in which the real parts are positive and increase 
without limit. Of this sequence we can again select a sequence 


ai,» eee Gin» eee, 


in which the imaginary parts are all of one sign, say non-negative, in which the real part of 
a;,, is greater than n, and in which the moduli of the zeros increase so rapidly that any solu- 
tion of Ag(z) = 0 built on these zeros has a development (3) which is valid in the entire 
domain of existence of the solution. Then the series 


3 
n=1 

is uniformly convergent in any area in which the real part of z is less than some negative 
number and in which the imaginary part of z is not negative, and is divergent forz =0. The 
solution defined by this series has z = 0 as a singular point. 

In closing this article, it is deserving of notice that the development (6) can be applied 
to functions which are not solutions of A¢(z) = 0. In fact, it is not difficult to show that 
if the partial fraction development of 1/¢(z) converges absolutely to 1/{¢(z), the de- 
velopment (6) of any analytic ¢(z) converges absolutely and uniformly to ¢(z) in every 
closed and bounded domain in which ¢ (z) is regular. Of course, the development obtained 
will not generally be a series of exponentials. 
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and n? — 6, for a zero. Now, our series can be written 


Ms 


n=1 


By taking each 6, sufficiently small, we can make |e~*»* — e™*| small at 
g 


pleasure in any bounded domain; for instance, less than 1/n? for |z| <n. 
We find, in this manner, an entire function which is represented only in a 
limited domain by its formal development (3). 

Still, the development (3) is not devoid of significance, even when divergent. 
It can be converted into a series which represents ¢(z) in its entire domain 
of existence. 

Let us dispense with the exponents p, and write equal zeros of A separately. 
Since, by Theorem VII, Ay' Ad(z) approaches ¢(z) as n increases, it is 
clear that we have 


= Ay' Ap (2) + A — A) G(2) + 
+ (Az' A — A)o(2) 


the convergence being uniform in every closed and bounded domain interior 
to the domain of existence of ¢(z). 

The sum of the first n terms of (11) is AT' A®(z), and must vanish if we 
operate on it with A,. Suppose, for brevity, that A has no multiple zeros. 
The general case will be easy to handle. Then A~' Ad(z) can be written 
in the form 


(11) 


gn, 1 + gn, 26 + + 
Proceeding as in § 7, we find 
1 — Ad (z) 


As n increases, g,,, approaches the coefficient of e** in (3). Thus, (11) may 
be regarded as a summation of (3), when the latter does not serve to repre- 
sent ¢(z). ‘To justify this point of view completely, we observe that (11) 
can be obtained directly from (3). In short, Theorem XIV shows that we 
can obtain A~' Ag (z) by operating formally with A>' A on (8). 

TueoreM XVII. The development (11) converges absolutely at every point 
at which (2) is regular, and at least with the same rapidity as >> 1/|\an\. 

This follows easily from the identity 
dd (2) 


1 


10. Origin of a development (3). We have seen that a solution of 


— 

| 
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A@(z) = 0 can have only one development (3). The important question 
arises as to whether two different solutions, with non-overlapping domains 
of existence, may not lead to the same development (3). While we shall 
settle this question under restricted conditions, we have thus far been unable 
either to show that different solutions always lead to different developments, 
or to produce two solutions with the same development. Let us prove the 
following: 

TueorEM XVIII. If A is such that the development (3) of every solution 
o(z) of Ad(z) = 0 converges absolutely in the entire domain of existence of 
(2), for instance, if the condition of Theorem XV 1s satisfied, a series 


Cy 
n=] 
can represent only one solution of Ad(z) = 0. 
If z; and z3 are any two points, a point 2, on the straight segment joining 
them is given by 


Ze = 2 +h(23 — 2) = (1 —k) + kes, 
where0 <1. Then 
= (Jeeta) 
It is clear, thus, that |e%n2! lies between |e%*1| and |e%n*s|. Then, certainly, 
<|e%nt| + 


One sees immediately that if >> c, e*»* converges absolutely at z, and 23, it will 
converge absolutely and uniformly on the straight segment joining 2; and 23. 
It follows also that if the series converges absolutely in two regions of the 
plane, it converges uniformly in a parallelogram connecting these two regions. 
Thus, we can pass by analytic prolongation from one region to the other. 
Theorem XVIII is proved. 

For the general question as to whether a development (3) may correspond 
to two different functions, it will probably be necessary to discuss completely 
the domains of convergence and of summability of (3). Such a study would 
be a natural complement to the present investigation, for although we have 
been able, as in Theorems XI and XII, to find interesting properties of the 
solutions of Ad (z) = 0 by qualitative methods, the solutions would probably 
present themselves in practice through their developments (3), and it would 
then be desirable to have knowledge as to the function or functions defined 
by a given development. 

Given a series (3), its theory could be made to depend on that of the con- 
vergence of a series (11), for, as we have already seen, we can obtain (11) 


hl 


directly from (3). We would find thus a series (11) which converges absolutely 
in the entire domain of existence of any function ¢(z) which may give rise 
to the series (3). Also, it is seen that if the series (11) thus obtained con- 
verges uniformly in an area, it converges to a function of which the original 
series (3) is a formal development; the series (11) must therefore converge abso- 
lutely in any area in which it converges uniformly.* 

We shall probably devote a separate paper to these questions. 

11. Application to the theory of analytic prolongation. From Theorems XI 
and XII, it follows immediately that any function which can be represented 
in an area in its domain of existence by a uniformly convergent series (3), is 
uniform and has no isolated singularities. The importance of this fact is 
revealed when we consider a simple type of series (3). Assuming that the 
numbers ad, are positive integers, ordered according to increasing magnitude, 
consider the series 


(12) cn 
n=1 

and with it, the power series 

(13) 


If (13) has a radius of convergence p, (12) will be convergent when the real 
part of z is less than log p and will be divergent when the real part of z is 
greater than log p. If (13) can be prolonged beyond its circle of convergence, 
(12) can also be prolonged into its field of divergence. This will be impossible 
if the development (3) of every solution of A¢(z) = 0 converges in the 
entire domain of existence of the solution. We have thus the result: 

If >° 1/\an| is convergent, and if there exists an integer r such that, forn > r, 


| dn | n’ 


where k 1s any positive number, the series 


2 

Cn 
n=1 
has its circle of convergence as a natural boundary. 

If a series (13) existed which could be prolonged beyond its circle of con- 
vergence, it could be shown that the function thus obtained would be uni- 
form and would have no isolated singularities. Also, we would be able to 
sum the series throughout the domain over which it could be prolonged, 


* Perhaps it is well to add, in this connection, that it can be shown as in Theorem XIII 
that the development (3) converges uniformly in any closed and bounded domain interior to 
an area in which | 3} u, | stays bounded as n increases, even should that area be exterior to the 
domain of existence of the solution which gave rise to the development. 
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according to the method of §9. There is, however, no possibility of such 
prolongation. Indeed, Fabry* has given the following sufficient condition 
for the circle of convergence to be a natural boundary, which can be shown 
to be satisfied whenever >> 1/|a,| is convergent: 

If it is possible to choose a sequence of subscripts m such that 


= lim. sup. WV 


and such that the ratio to am of the number of terms with exponents between 

Gm(1—X) and an(1 +), where X is an arbitrarily small positive number, 

goes to zero as m increases, the circle of convergence of (13) is a natural boundary. 
CotumBIA UNIVERSITY 


°F. Fabry, Acta Mathematica, vol. 22 (1898), p. 86. See also G. Faber, 
Muenchener Berichte, vol. 34 (1904). 


Trans, Am. Math, Soc, 4 
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ON THE EXPRESSIBILITY OF A UNIFORM FUNCTION OF SEVERAL 


COMPLEX VARIABLES AS THE QUOTIENT OF TWO 
FUNCTIONS OF ENTIRE CHARACTER" 


BY 


T. H. GRONWALL 


1. INTRODUCTION 


It is a classical fact in the theory of functions of one complex variable 
that any meromorphic function may be expressed as the quotient of two entire 
functions without common zeros. When f(2) is a uniform function with 
essential singularities at finite distance, this theorem may be extended, as 
was shown by Weierstrass} for a finite number of essential singularities, and 
by Mittag-Leffler in the general case: f(a) is expressible as the quotient of 
two functions of entire character (that is, uniform and without poles, but 
generally both having the same essential singularities as f (2 )) without common 
zeros. 

Before taking up the corresponding question for several variables, it is 
convenient to recall the following definitions: 

The complex variables 2,, x2, «++, 2, are interior to the region (S;, Se, 

-, S,) when 2; is interior to the region S, in the 2;-plane, ---, 2, interior 
to the region S, in the z,-plane; the regions S,, ---, S, may be simply or 
multiply connected. 

A uniform function f (21, 22, +++, of the complex variables x1, #2, +++, 2n 
is meromorphic in (S;, S2,++-, Sa) when, in the vicinity of every point 
***, Gp, interior to (S,, Se, ---, S,), we have 


Py (a1 — a1, 2 — Ln — Gn ) 
+++, Mm) = = 5 


o(21 — G1, — Ge, — Ap)’ 
where and P; are power series in 2; — a1, — — Gn. A uni- 
form function G(a1, 22, +++, is of entire character in (S,, Se, Sn) 


* Presented to the Society, October 25, 1913. 

+ K. Weierstrass, Zur Theorie der eindeutigen analylischen Functionen, Mathematische 
Werke, vol. 2 (Berlin, 1895), pp. 77-124. G. Mittag-Leffler, Sur la représentation analytique 
des fonctions monogenes uniformes d’une variable indépendante, Acta Mathematica, 
vol. 4 (1884), pp. 1-79. 
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when holomorphic at every point a;, az, «++, interior to (S,, ---, S,). 
Two functions of entire character Go(21, Xn) and Gy (21, In) 
have a common divisor when there exists a point a;, dz, «++, @» interior to 
(S,, Se, «++, S,) such that in its vicinity 


Go(a1, +++, = P(x — a, — de, — Gn) 

Po (ai — a1, — de, — An), 
Gi (a1, +++, %n) = — ai, 22 — G2, — Gn) 

Pi (a — a, %2 — de, +++, — Mn), 


with P(0,0,---,0) =0. Two functions of entire character are relatively 
prime when they have no common divisor. 

Poincaré has shown,* by the theory of harmonic functions of four real 
variables, that when n = 2 and S; and 8» contain all points at finite distance 
in the 2;- and 2-planes respectively, every meromorphic function is expressible 
as the quotient of two entire functions without common divisor. In a later 
paper,t he has modified this method and extended it to n variables. 

The Cauchy integral was used by Cousin{ to prove Poincaré’s result and 
extend it to more general regions. His most general results are the following, 
of which A may be regarded as the extension to several variables of Mittag- 
Leffler’s theorem, while B generalizes Weierstrass’s theorem on the existence 
of uniform functions with given zeros: 

A. When for every point a;, a2, «++, interior to ---, S,) there 
are given 

(1) a region a, +-,a, consisting of n circles |x, — a,!<r, (v = 1, 2, 
-++, mn), each of these circles being interior to the corresponding region S,; 

(2) a function (%1, %2, uniform in and 
such that when two regions Ty,,a,..-,2, and Ty/,4i,..-,4, have a region in 
common, the difference 


is holomorphic in the common region; 
Then there exists a function F (21, #2, +++, uniform in (S,, S2, --+, Spa) 
and such that for every interior point ‘a,, a2, --+, ad, the difference 


F(a, » tn) — fa,, as, Xn) 


n 


is holomorphic in a, a, + 


*H. Poincaré, Sur les fonctions de deux variables, Acta Mathematica, vol. 2 
(1883), pp. 97-113. 

t H. Poincaré, Sur les propriétés du potentiel et sur les fonctions Abéliennes, Acta Mathe- 
matica, vol. 22 (1899), pp. 89-178. 

t P. Cousin, Sur les fonctions de n variables complexes, Acta Mathematica, vol. 
19 (1895), pp. 1-62. 
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B. When for every point a;, a2, «++, @ interior to (S;, Sz, ---, S,) there 
are given 

(1) a region a, ---,a, aS in A; 

(2) a function ***, of entire character in 
Tu,, a2, and such that when two regions and 
have a region in common, the quotient 


BB °° * » Bn) / Meas, af, 00 » Me) 


is holomorphic and different from zero in the common region; 

Then there exists a function G(2, 22, +++,2,) of entire character in 
---,8,) such that for every interior point a;, a2, --+ , dn the quotient 
G (a1, 5 An) /Uay, ag, ++, a, ***, Xn) is holomorphic and different 
from zero in as, +++, a, 

C. When a functionf (21, x2, ismeromorphic in S.,---, Sn), 
it may be expressed as the quotient of two relatively prime functions of entire 
character* in (S;, Se, ---, S,): 

Gi (1, X2, +++ tn) 


Go (a1, x2, 


f (21, 22, 


Cousin establishes Theorem A in its various stages in an entirely rigorous 
manner, but his proofs of Theorem B (and hence of Theorem C, which is a 
quite elementary consequence~of B—see Cousin, I. c., §§ 15, 19, and 25) 
contain a gap (at stages a and 8) which considerably restricts the regions 
Se, ---,S,) in which they are applicable. 

In § 2, the nature of this gap is explained, and Cousin’s proofs of B are 
shown to be valid when all, or all but one, of the n regions S,, S2, ---, S, are 
simply connected. On the other hand, it is established by an example that 
Cousin’s construction of G (21, 2, «++, 2%.) does not always yield a uniform 
function when two of the regions S,, S2, ---, S, are multiply connected. 

The question now arises as to the validity of Theorems B and C in the cases 
where Cousin’s proofs do not apply. In §3 it is shown by an example that 
Theorem C is false (and consequently Theorem B, since C would follow from 
B) when two of the regions S,, Sz, ---, S, are multiply connected, that is, 
in the very cases where Cousin’s proofs fail. 


*In his proofs, Cousin proceeds by four stages: first the theorems are derived for any 


region (8;, 82, ***, 8.) interior to (S;, Sz, ---,S,), and this separately for n = 2 (stage a) 
and n general (stage 8). Second, a limiting process is used to extend the region of validity 
of the theorems from 82, 8.) to (S;, S,), and this separately when all S, 


are circles (stage y) and when S, are quite general (stage 6). For convenient reference, 
the numbers of Cousin’s theorems corresponding to Theorems A, B, and C of the text at the 
various stages are given below: 


a B Y 6 
A I IV VII, p. 33 XI 
B III VI Ix XII 


Cc _— VII, p. 32 x XIV 
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Thus the results of the present paper may be summarized in the statement 
that 

Theorems B and C are valid when, and only when, n — 1 of the n regions 
S;, So, ---, S, are simply connected; the remaining region may be simply or 
multiply connected. 

The author wishes to acknowledge his indebtedness to Professor Osgood, 
to whom he communicated the example of §3 in June, 1913, for material 
assistance in locating the gap in Cousin’s proofs. 


2. THE DOMAIN OF VALIDITY OF COUSIN’S PROOFS OF THEOREM B 


To abridge the notation, we shall write x for the system of n — 1 variables 
%2, and S for So, an will be denoted by y and 
S, by 8’. A simply connected part = of S we define as a system of regions 
(21, D2, +++, Dp) where, for vy = 1,2, ---,” — 1, every interior or bound- 
ary point of the simply connected region ~, is interior to or on the boundary 
of S,. The boundaries of S2, Sn-1, 21, 22, Zn-1, and S’ are 
assumed to be regular, that is, each is to consist of a finite number of pieces 
of analytic curves without singular points. 

We now assume S’ to be subdivided, by a finite number of pieces of regular 
curves, into a finite number of simply connected regions Rh,, R2, ---, Ry, - 
When R, and R, are adjacent regions, we denote by /,,, their common boundary, 
or, should this consist of several pieces, any one of these. If any /,, is a closed 
curve, we cut it at three points, thus obtaining three pieces such that no two 
of them taken together form a closed curve. The: direction of /,, is that 
which leaves the interior of the region R, to the left, so that /,,, and /,, are the 
same curve described in opposite directions. Finally, let 7,» consist of all 
points in the y-plane interior to at least one circle with center on /,, and 
sufficiently small radius r, this r being constant not only for different points 
on /,,, but also for all the various curves /,»). 

The proof of Theorem B now depends on the following lemma: 

Let a function uy, (x, y) be given for every region R,, uniform and hclomorphic 
in (S, R,), boundaries included, and such that for any two adjacent regions 
R, and R,, the quotient 

Up (x.y) 


Un (x,y) = 


is holomorphic and different from zero in (S, Tap). Then there exists a fune- 
tion G(x, y) holomorphic in (S, 8’), uniform in (2, 8’), where = is any 
simply connected part of S, and such that in (S, R,) (boundaries included, 
except those y which are end points of an l,, and lie cn the boundary of S’) the 
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quotient 
G(2,y) 


Up (x,y) 


is holomorphic and different from zero. 

When S is simply connected, we may evidently let 2 coincide with S. In 
his formulation of the lemma (I. c., § 7; proof in § 6) Cousin makes no distinc- 
tion between 2 and S, so that, when S is multiply connected (that is, one 
at least of S,, S2, «++, S,-: is multiply connected) he tacitly assumes the 
function G(x, y) to be uniform in (S, 8’), while the uniformity is proved 
only in (2, 8’). 

This constitutes the gap in Cousin’s proofs referred to in the introduction. 
It might also be objected to his proof of the lemma (I. c., § 6) that he operates 
throughout with the multiform functions log u,(a2, y) and their differences 
log up(2,y) — log u(x, y), and that it is not quite clear what branches 
of these functions are meant at the various points of (S, 8S’); but this objec- 
tion is met by a modification of Cousin’s argument due to Osgood.* 

Since up(2,y) and u,(z,y) are uniform in (S, by hypothesis, and 
their quotient g,,(2, y) is holomorphic and different from zero in the same 
region, it follows that writing 


Gop (2, y) log (2, y); 


where that branch of log g,,(2, y) is taken which assumes its principal value 
at some point 29, yo interior to (2, 7',,), the function G,, (a, y) is holo- 
morphic in (S, 7,,) and uniform in (2, 7',,). Next let 

Inp (2, y) = 


(a, 2) dz 


2m 


the integral being taken in the positive direction of |,,. This function is 
holomorphic for all y at finite or infinite distance, except those on the curve l,,, 
and for any x in S, and uniform for the same y and any x in 2. Moreover, 


as shown in Cousin §§ 2-3, 


= Ha, y) + Grp (a, y) (y), 


— 
= 0, 


l 
Anv (Y) = 2m log y—a 
where a and b are the end points of l,,, log [(y — 6)/(y — a)] is that branch 
of the logarithm which vanishes for y = «, so that A»p»(y) is uniform and 
holomorphic in the whole y-plane except on the curve /,,, and finally Hf (2, y) 


* Letter to the author, July 7, 1913. This modified proof is reproduced here with the per- 
mission of Professor Osgood. 
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is holomorphic in (S, 7,,) and uniform in (2, T,,)). Now write 


where the summation is extended over all the curves /,, which are common 
to the boundaries of two regions R (each curve taken once, and not in the 
two subscript combinations and l,,), and define 


gn(x,y) = P(z,y) in (S,R,). 


Then ¢, (2, y) is holomorphic in (S, 2, ) and uniform in (2, /,) , boundaries 
included except the end points of the various /,, belonging to the boundary 
of Denoting by ¢,(2, y), the analytic continuation of ¢, (2, y) when x 
describes any path in S and y a path in 7’, starting at a point inside I, and 
ending at a point inside It,, but not passing through an end point of I,,, we 
have (Cousin, I. c., §§ 2-3) 


(1) on(2,Y)p = bp (2, + Gap (2, y). 


A point y = b interior to S’ is called a vertex when it is an end point of any l,». 
Now make 7 
G,(2z,y) = U,(2, in (S, R,); 


then it follows from (1) that Gp (x, y) is the analytic continuation of G, (x, y) 
across /,, (the path in the y-plane leading from Ff, into R, not crossing lp 
at a vertex), and consequently the continuation of G, (a, y) along a closed 
path in the y-plane not passing through any vertex brings us back to G, (a, y). 
We may therefore define a single function G(x, y) by the consistent condi- 
tions G (z,y) = Gn (2, y) in (S, and this y) is visibly uniform 
in (Z, 8S’). Moreover, the quotient G(2, y)/up(2x, y) is holomorphic and 
different from zero in (S, it, ), boundaries included, except when y coincides 
with an end point of an /,, while x takes any value inside or on the boundary 
of S. 

We shall now modify G (2, y) so as to remove the last restriction for those 
end points of an l,, which are vertices. Let b be a vertex, and suppose that, 
for instance, R,, t,, «++, Rm are those regions which are adjacent to this 
vertex. Let 1 = v= ™m and denote by I, that part of R, which lies within 
or on the circle |y — b| = r’, where r’ is less than the radius r of the circles 
used in defining all 7p. Then we have in (S, I)) 


o,(t,y) = P(a,y) = A(a,y) + y) (y) + Ges (a, y) rea (y) 
+ sing + Gans, (2, 9) (9) + Gini (2, Y) Xm 


A(x, y) being holomorphic in (S, |y — b 
=r’). Make 


= r’) and uniform in (2, |y — b| 


1 


= 
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where any branch of the logarithm is chosen and rendered uniform by a cut 
issuing from y = b, but having no other point in common with R; or its bound- 
ary. None of the /,, abutting at b being closed, we may continue An» (y) 
analytically from y = © to a point inside R} along a curve intersecting none 
of these /,,, and in the relation 


1 
dnp (y) — — b) = — 5 slog (y — a), 


where now log (y — a) is a definite branch of the logarithm, for y in R,, 
the right-hand member is holomorphic in the entire region |y — b|=71’. 
Hence we have, for y interior to Ri, 


(2, y) B, (2, y) + [Gy (2, y) + Go3 (2, y) + 

+ + Gmi(x,y)) — 6), 
where B,(x,y) is holomorphic in (S, |y — 6|=r’) and uniform in (2, 
|y — b|=r’). On the other hand, the sum in brackets equals 


Um (x,y) u,(x,y) 


Uo (x, y) uz(x,y) 
z + log 
Um (x, y) 


log + log + --- + log 
y) U2 (x, y) Um—1(x, 
where each log refers to a definite branch of the function—the branch chosen 
at the beginning, and this sum therefore equals a definite value of log 1, 
which we denote by 27iK,, the integer K, being evidently independent of v. 
Consequently, for y interior to R,, 


(y — b)-™ G(x, y)= u, (a, y) 
or 


B(x, y). 


=u,(2,y)e 


but the expression to the right being holomorphic in (S, |y — 6|= r’) and 
uniform in (2, |y — b|= 7’), it follows by analytic continuation that the 
same is true of the left-hand member, and that the quotient of the latter by 
u,(x,y), which equals e?“*” in (S, R)), is holomorphic and different 
from zero in that region. 

Finally determine the integer K, for each vertex b and write 


G(2z,y)= G(z,y)IT(y — b)-*, 


the product extending over all vertices. It then follows immediately from 
the preceding argument that G(z,y) has all the properties mentioned in 
the lemma. 

As already stated, Cousin tacitly assumes that from the proven uniformity 
of G(z,y) in (2, S’) it follows that G(2, y) is also uniform in (S,’) § 
when S is multiply connected. 
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I shall now show by an example that this conclusion is not legitimate; it is 
evidently sufficient to assume n = 2, so that now z stands for a single variable, 
and S for a region in the z-plane. This example, as well as the one in § 3, 
is based on the simplest properties of Theta functions of two variables. It is 
well known that, given the constants 711, T12, T22 such that the real part of 
Qri (711 + 2712 M1 M2 T22 NZ) is a definite negative quadratic form in n 
and nz, the two expressions* 


v\? 
(%1, = Exp|(m -3) r+ 2(m ) 


2 9 v 9 


where v = 0 or 1, define entire functions of v; and v2 with the properties 


(2 


(%1, V2), 
(%1, V2), 


od, +1, V2 ) 
(1, + 5) 


Il 


(» =0,1). 
(%1 + T11, V2 + T12) = Exp (— 20 — 711) + (%, 22), 


(%1 + Ti2, + T22) 


Exp (— 202 — by (%, 0) 
Assume 712 + 0, introduce new variables w; and we by the relations 
T12 = — 27220 + 2712 T12 W2 = 11, 


and write ¢, (0, v2) = W,(w1, We); then y,(w1, we) are entire functions of 
and with the properties 


(1 + 1, We ) We), 


(w1, We + 1) = Exp ( = 2722 T22 ) (ww We ) 


2729 1 
9,7? 9 
— 4711 T22 Til 
12 2 


Finally write = Exp (722 w2) Yo(w1, we); then the entire func- 
tion we) has the properties 


(wi +1, we) = we), 


(4) 
(wi, +1) = Exp (— wi) + we). 


* To simplify the typography, we shall use the notation e?** = Exp (z). 
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Once more we introduce new variables by the equations 


(5) a=Exp(wi), y= Exp 
and write 
1 1 
(6) u(z,y) = ¥(w, = 2, log v); 


then u(2,y) is holomorphic for all x, y at finite distance, except x = 0, 
y=yand2x=2,y=0. Starting with some definite branches of log x and 
log y, say those that equal zero for x = 1 and y = 1 respectively, it follows 
from (4) that u(a, y) is uniform in respect to x, while the analytic continua- 
tion along a path winding about y = 0 once in the positive sense transforms 
the initial branch u(2z, y) into a new branch %@(2, y) such that 


1 
(7) = 


Now let us construct the function G(2z, y) of the lemma from the following 
data: 


S: the circular ring } <|2| < 2; 

S’: the circular ring } <!y|< 2; 

R,: the part of S’ to the right of the imaginary axis; 

R,: the part of S’ to the left of the imaginary axis; 

lie: the straight line segment from y = 27 to y = 31; 

L\,: the straight line segment from y = — 31 to y = — 27, so that the common 
part of the boundaries of R; and R, consists of ly, and [j2; 

u, (x, y): the initial branch of u(a, y) defined above; 

(2, y): the analytic continuation of (2, y) across the line 


Then wu; (2, y) and y) are uniform and holomorphic in (S, R,) and 
(S, Re) respectively, boundaries included. On /i2, 


U2 (2, y) 


= 
while on J}, we have 
u(r,y) 1 
Ji2(%,y) = 
according to (7). We now make 
Gyw(2,y) = log 1 =0, = — logz, 


where that branch of the logarithm is taken which vanishes at x = 1; since 
there are no vertices and therefore no integers K, to be determined, we may 
proceed at once to write down ®(2, y): 


1 1 y+ 


y + 20’ 


= 
z—y — 
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where the last logarithm is the branch that vanishes for y infinite. Finally 
we obtain 


y +t 
(8) G(x, y) = up(x,y) Exp ( log log’ 


in (S, R,) forp =1,2. This G(2, y) now has all the properties indicated 
in the lemma (as is also readily verified directly in this particular case). Never- 
theless, G(a,y) is not uniform in (S, 8’), for letting x describe a closed 
path in S starting and ending at z = 1, and winding about x = 0 once in the 
positive sense, while y describes a closed path interior to R,, log x increases 
by 2mi, while log (y + 3¢)/(y + 27) and (2, y) remain unchanged, and 
we arrive at a branch G(z, y) connected with the initial branch G(z, y) 
by the relation 


_yt 

Hence Cousin’s lemma, and with it his proofs of Theorem B, are valid when, 
and only when, not more than one of the regions S,, S., ---, S, is multiply 


connected. 


3. EXAMPLE OF A FUNCTION OF TWO VARIABLES, MEROMORPHIC IN A REGION 
(S, 8S’), WHICH CANNOT BE EXPRESSED AS THE QUOTIENT OF TWO 
RELATIVELY PRIME FUNCTIONS OF ENTIRE CHARACTER 


From (3) it is evident that the quotient 


¥i(wi, _ di (%, %) 
Yo(wi, We) do(1, v2) 


is a meromorphic quadruply periodic function of w; and w2 with the periods 


2722 — 2711 T22 . 
T12 T12 
1 Ti 
0, 1, IN We. 
T12 T12 


By (2), ¢0(%1, v2) contains only even, and ¢1(%, 2) only odd, powers of 
Exp. (01); hence these two functions are linearly independent, and the quotient 
considered is not a constant. Introducing the variables xz and y by (5) and 
writing 
¥i(w1, we) 
= Yo(wi, We)’ 

f(x, y) is a non-constant, uniform function of z and y, meromorphic in the 
region (S, 8’), where S consists of all points at finite distance in the z-plane, 
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the point x = 0 excepted, and S’ is defined similarly in the y-plane. This 
function has the properties 


f(ha, ky) =f(2,y), 


(9) 
f (le, my) =f(2,y), 
where 
(2) 
h = Exp = xp 
(10) 


Now let us subject 711, 712, T22 to the further condition that 
(11) lt m> + he 


for any integers a, b, c, and d which are not all equal to zero. By (10), this 
is equivalent to the condition that the equation 


(12) + + 2eT22 + — T11T22) —d = 0 


shall have no solution in integers a, b, c, d, n which are not all equal to zero.* 
Then f(x,y) cannot be expressed as the quotient of two relatively prime 
functions of entire character in (S,S’). For the purpose of an example; 
it is sufficient to carry out the proof in a special case, giving numerical values 
to T11, 712, T22-7 Let us make 


mu T22 = UV2; 


then the real part of 277 (711 nj + 2712 m1 m2 + T22 NZ) is — 2x (nj + v2n3), 
a definite negative quadratic form in mn; and ng. Furthermore 7.» + 0, and 
(12) gives upon separation of the real and imaginary parts 


b+2evV2=0, n+3aV8—d=0, 


whence 
b=c=0, n? + 12ad — (18a? + d?) v2 = 0, a=zd=n= 0. 
Hence (11) is satisfied, and in particular we have for any integers \ and yp, 


exceptAX = y=0, 
(13) —1+0, m* —1+0. 


* In the theory of Theta functions, this condition expresses the fact that the period system 
T11, 712, T22 is non-singular. 
+ This has the advantage of simplifying the convergence proof for the series (19). 


} 
/ 
2712 — “711 T22 Til 
T12 T12 
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Now assume that f(a, y) can be expressed in the form* 


Gi(2,y) 


(14) = Gey)? 


where Go(2x, y) and G,(2, y) are of entire character and relatively prime in 
(S, 8’); we shall show that this leads to a contradiction. From (9) and 
(14) it follows that 


Go(hx, ky) Gi(he, ky) Go (lx, my) _ Gy (Ia, my ) 


Go(z,y) Gilz,y) ’ Go(z,y)  Gi(x,y) ’ 
and since Go(z, y) and G(x, y) are relatively prime, we conclude that both 
these quotients, which are evidently uniform, are holomorphic and different 
from zero in (S, 8’).¢ Let us denote them by g(2,y) and re- 
spectively; then 


(15) G,(ha, ky) G,(le, my) = g’ (x, y)G,(2, y) 
(vy =0,1). 


Since g(x, y) is of entire character and different from zero in (S, S’), we 


may expand its logarithmic derivatives in Laurent’s seriest 


Ox A, Oy A, 


both series being absolutely and uniformly convergent for « =|z|= 1/e, 
¢ =|y|= 1/e, where ¢ is as small as we please. From 


log g(x,y) log y) 
Oxdy 


so that in particular wa_;,, = 0, Ad,,-1 = 0, whence 


it follows that 


a-1,0 = 4, ai,, =0 (u +0), 


bo,-1 = b, b,,-1 = 0 (A +0). 

* The following investigation is closely related to one made by Appell to an entirely different 
purpose in his paper Sur les fonctions périodiques de deux variables, Journal de Mathé- 
matiques, ser. 4, vol. 7 (1891), pp. 157-219. See pp. 185-201. 

+ This is a simple consequence of Weierstrass’ preparation theorem; compare Cousin, I. c., 
§ 15, and Appell, 1. c., pp. 182-185. 

t K. Weierstrass, Einige auf die Theorie der analytischen Funktionen mehrerer Verdnderlichen 
sich beziehende Sdtze, Mathematische Werke, vol. 2 (Berlin, 1895), pp. 135-188. See pp. 183- 
188. 
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Treating g’ (x, y) in the same way, and integrating, we finally obtain 


g(2,y) = Exp ( Am ey), 


A, 


(16) ye 
g(t, y) = y* Exp ( 2 
A, 
the series being absolutely and uniformly convergent as before, and from 
the uniformity of g(2, y) and g’(2, y) it is evident that a, b, c, d are all 
integers. We arrive at a relation between g(a, y) and g’ (2, y) by observing 
that according tu (15) 


G,(hiz,kmy) _ G,(hiz, kmy ) G, (lx, my) _ 
= g(lr, my)g'(z,y), 


G, (2, y) G, (la, my) 
G, (Uke, mky) _ G, (Whe, mky) ky) 
G, (x,y) G, (hz, ky) G,(2,y) = g' (hx, ky)g(x,y), 


whence 
g (lx, my)g’ (x,y) = g' (ha, ky)g(2,y). 


Introducing the expressions (16) into this relation, we obtain 
It m> Exp[ >> (A,, + By, 


= ht k* Exp[ >> (By, + Ay, 
which evidently gives 


(17) A,, m* — 1) = By, k* — 1) 


and /* m> = ht k*. But in the last relation it follows from (11)—and this is 
the main point of the proof—that the integers a, b; c, and d are all equal to 
zero. Moreover, (13) shows that we may write (17) in the form 


By 


"Fa except forA = = 0. 


(18) 
Denote by }-’ a series from which the combination \ = u = 0 is excluded, and 
write 

k* —1 y 


+o B,, 


— ah. 


then (18) shows that the two definitions of G(2, y) are formally consistent. 
For the convergence proof, separate the terms where \ + 0 from those with 
\ = 0; we obtain with the aid of (18) 


+00 
G(z,y) = ee td 


u=—-@ A 


Bu y" 
° 
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Introducing the numerical values of 711, 712, 722 in (10), we find 


4 
h eft V2 k guy. m= 


and consequently 

kee — 1] — 1] = — 1]; 
the last expression being greater than e — 1 or 1 — e according as X is a 
positive or negative integer, we have |h* k* — 1| > 3 for \ + 0, and similarly 
|m“ —1|>4foru+0. Therefore (19) converges absolutely and uniformly 
in the same region as (16), that is, for e =|z|=1/e,e=|y|=1/e. Evi- 
dently G (2, y) satisfies the relations 


G(hz, ky) — G(2,y) = Ay, xy", 
G(lz, my) — G(2,y) = ay". 


G,(«,y) = Exp[— G(2z,y)]- G,(2,y) =0,1), 


(20) 


If we now write 


Go(x,y) and Gi(2,y) are of entire character (and relatively prime) in 


(S, 8’), and by (14) 
Gi(x,y) 


9 

(21) = 

From (15), (16), and (20) we find, bearing in mind thata = b=c=d=0, 
G, (hx, ky) = Exp (Aco) Gi (2, y), 

(22) (vy =0,1). 
G, (le, my) = Exp (Boo) G, (2, y) 


Expanding Gi (2, y) and (2, y) in Laurent’s series 


+o +o 
G(tz,y)= Cyxry", Gilz,y)= DL Dy, xy", 
A, 


A, 


the first equation (22) gives 
Cy, [h* k* — Exp (Aoo)}] = Dy, [h* k* — Exp (Aoo)] = 0. 


Since G, (2x, y) is not identically zero, one C,, at least must be different from 
zero, say C,,, so that h? — Exp (Ao) = 0. If k* — Exp (Ao) = 9, 
it follows that h’-* k*-" — 1 = 0, whence \ = p,u =a by (13). Therefore 
h* k* — Exp (Ao) + 0, and C,, = Dy, = 0 except for \ = p,u and 
(21) gives 


= const. 
2° 


f(«,y) = 


But we have seen from the definition of f(2, y) that this function is not a 
constant, and this contradiction shows that Theorem C (and consequently 


| 
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Theorem B, since B implies C) is not valid when two of the regions S;, Se, 
»++, S, are multiply connected. 

It is possible however to express our function f(a, y) as the quotient of 
two functions G,(2,y) and Go(a2, y) of entire character in (S, S’), if we 
remove the condition that these two functions shall be relatively prime. To 
prove this, let ¢ = 0 or 1 and write 

Yo (wi, = Exp (2722 w2) (wi, — we); 
it then follows from (3) that 
Yo (wy + 1 ’ We ) = V2 ( W1,; We ) 
Yo(wi, W2 +1) = Exp (wy + 2722 we + T22) we), 
so that 


+ 1, we) (wi + 


Yo ( W1, We ) ( W1; We ) 


(vy =0,1), 


Yo (wi, We + (wi, we +1) = (1, we) 


and consequently, writing 


G,(2,y) Yo(w1, (w1, We ) =0,1), 


Go(a,y) and G;(z,y) are both uniform functions of x and y, holomorphic 
in(S, 8’). Since f(a, y) = we)/Po(w1, we), we have in 


Gi(2,y) 


f(x,y) = Go(a, y) 


a representation of f(x,y) of the required character. Evidently Go(2, y) 
and G,(2, y) have here the common manifold of zeros defined by 


Y2(w1, we) = 0, 


and from what we have proved before regarding f (2, y), it follows that the 
common divisor cannot be removed without destroying the uniformity of 
Go(x,y) and G,(2,y). 

In a subsequent paper, it will be shown that this representation as the 
quotient of two functions of entire character with common divisor is possible 
for any function f (2, y), meromorphic everywhere at finite distance except 
at the points defined by G(2, y) = 0, where G(x, y) is an entire function. 
The common divisor cannot in general be removed except when G (2, y) is 
irreducible. 


CERTAIN FORMAL INVARIANCES IN BOOLEAN ALGEBRAS* 


BY 
NORBERT WIENER 


Many mathematical systems are defined through postulates concerning 
(1) a class (K) of elements (a,b,c, ---), and (2) a certain definite group of 
relations or rules of combination joining these elements to one another. 

These relations or rules of combination form only a part of those which 
may be said to belong to the system, for the latter may be considered to 
contain all those relations and rules which may be defined as logical func- 
tions of those with which the postulates deal and of certain selected elements 
of the system, and of nothing else. Thus, ordinary real algebra may be de- 
fined by postulates involving only the rules of combination + and , but it 
also contains as operations the rules of combination which, when applied to x 
and y, yield us a* + 2ay, or x + 1/y, or 2”. It consequently becomes an 
interesting question whether the postulates of a given system deal with rela- 
tions or rules of combination whose position in the system is absolutely differ- 
ent from that of any of the other relations or rules belonging to the system; 
and if this is not so, it is natural to ask what other relations or rules of the 
system have formal properties similar to those of the entities which form the 
subject-matter of the postulates; for it would seem that a system whose 
postulates deal with entities which occupy a unique position in it has in 
some sense received a more thoroughgoing analysis than one where this is 
not the case. As the formal properties of the relations and operations in 
terms of which a system is defined, in so far as they are determinate, are 
given in the postulates, this question reduces itself to the investigation of 
what relations or operations of the system satisfy the postulates. We shall 
discuss this question in the case of the boolean algebras, although in a some- 
what limited form. 

This limitation consists in a somewhat narrower definition of the statement 
that an operation belongs to a given boolean algebra. We shall say that an 
operation belongs to a boolean algebra if it is the result of the performance 
of any finite sequence of the operations of the algebra—logical addition, 
logical multiplication, and negation—on the operands and certain specified 
“constant” elements of the algebra. That is, if it can be represented in the 
= Presented to the Society, December 27, 1916. 

Trans. Am, Math, Soc. 5 65 
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established symbolism of the algebra. It was pointed out by Boole* that if 
we represent the “logical sum” of 2 and y by x + y, their “logical product” 
by xy, and the negation of x by 2, any operation on x and y may be written 
in the form Ary + Bry + Cay + Daj, where A, B, C, and D are any ele- 
ments of the algebra you choose. E. VY. Huntington has shownf that a set 
of postulates may be developed for a boolean algebra in terms of the relation 
of logical addition alone. Our investigation will hence consist in seeing what 
conditions the coefficients A, B, C, and ) must fulfil in order that the opera- 
tion Ary + Bry + Céy + DZ may satisfy the conditions expressed in these 
postulates. 

In the paper referred to above, Huntington says: “. .. We take as the 
fundamental concepts a class, K, with a rule of combination, @; and as the 
fundamental propositions, the following nine postulates: 

“4. a@a = a whenever a and a @ a belong to the class. 

“B.a@®b =b@a whenever a,b,a@b, and b @a belong to the class. 

whenever a, b,c, a@b, b@c,(a@®b) 
@c, anda @®(b @c) belong to the class. 

“D. There is an element A such thata ® A = a for every element a. 

“ E. There is an element V such that V ®a = V for every element a. 

“ F. If a and b belong to the class, then a ® b belongs to the class. 

“G. If the elements A and V in Postulates D and E exist and are ynique, 
then for every element a there is an element @ such that (1°) of x @a = a and 
a@a=4,thnz = A;and (2°%)a@a=V. 

“H. If Postulates A, D, E, and G hold, and if a @ b + b, then there is an 
element x + A suchthata@®x=aandb@zxr=b. 

“J. There are at least two elements, x and y, such that x + y.” 

Huntington’s @ is meant to represent the operation of logical addition. 
We shall use @ as a symbol for any operation in the algebra of logic which 
possesses such formal properties as to satisfy Huntington’s postulates, and 
shall express logical addition and multiplication proper by the same symbols 
and according to the same conventions as those used in ordinary algebra. 
We shall indicate negation by a superposed bar, and the operation which 
takes the place of negation when @ is substituted for + by an accent. 

If we take Ary + Bry + Céy + DZj as our x @ y, Huntington’s postu- 
late A becomes: 

Aa + Di=a. 
As this is true independently of the value of a, we may substitute for it the 
universe, 1, or the null-class, 0. We thus see that A = 1 and that D = 0. 


ry 


he relation z ® y can consequently be written in the form zy + Bry + CZy. 


* Laws of Thought, pp. 73-78. 
+ These Transactions, vol. 5 (1904), pp. 306-308. 
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Postulate B tells us that our operation is symmetrical with regard to z 
and y. Consequently B = C, and zx @ y reduces itself to the form 


ry + B(xr+y). 
Postulate C is the law of associativity. a @(b@c) becomes 
albe+ B(b+c¢)]) + Bla+be+ B(b+ec)]. 


This reduces to abe + B(a+6+c). As this is a symmetrical function of 
a,b, and c, it is equivalent toc @ (a @ b), and this, by postulate B, is but an- 
other form of (a @b) @c. Postulate C consequently imposes no restriction 
on an operation in the algebra of logic that is not already imposed by postu- 
lates A and B. 

Postulate D is satisfied by all functions of the form ab + B(a+b), for 
aB + B(a+t+ B) = aB +aB=a. Thus B isa possible value of our A. 
Furthermore, there is no other entity with this property. For let x be such 
an entity. Then we may substitute 1 for a, and we get 


Substituting 0 for a, then 
B(0+27) = Br. 


This proves that B is the only value which x can assume. 
Postulate E is always satisfied by functions of the form zy + B(x + y), 
for aB+ B(a+B) =B8B. It is also true that, if ar+ Bl(a+r)=2, 


whatever a may be, thenz = B. Forleta=1. Then 


Ifa =0, 
x=0r+B(0+27) = Bz. 


From the first equation, 


Be = B(x + B) = B. 


Putting these results together, we see that x must equal B, which is there- 
fore the only possible value of V . 

Postulate F is satisfied by all functions in the algebra of logic, as one may 
see on inspection. This fact enables us to neglect the hypothesis which 
Huntington attributes to postulates A, B, and C, and thus proves that for 
x ® y to satisfy Huntington’s postulates not only is it sufficient that it be of 
the form zy + B(x + y), but also necessary, as is shown by a brief con- 
sideration of the theorems we have already proved. 

As the hypothesis of postulate G has been shown to be satisfied by what 
we have already proved, we need only consider its conclusion. We then find 
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that this postulate too is satisfied by all expressions of the form 
zy t+ B(xt+y). 


If we make our @ of the (+, X) system the element which Huntington 
calls @ and which we have agreed to call a’ to avoid confusion, we discover 
that if z @a = aand z = G, then 


ax+ B(a+a)=a, and ax+B(2+4) =4. 
When we transform these into equations to 0, they become, respectively, 
Bri+Bia=0 and  Baa+ Bei = 0. 


Putting these together, we see that Bx + Bz = 0, so that x = B, which we 
have found to be our A. Furthermore, 


Thus the negation of our original algebra may still remain the negation of 
any of our new boolean algebras, and all operations of the form zy + B(x + y) 
satisfy postulates A-G, while no other operations in the algebra have this 
property. It is further true that the negation of our original algebra can 
be replaced by no other operation definable as an operation belonging to the 
algebra of logic. As is well known, all operations belonging to the algebra of 
logic, in the sense in which this phrase is usually taken, may be written in 
the form Mz + NZ, if they are operations on the single variable zx. Let 
our a’ be expressed thus as Ma + N@. Postulate @ tells us (1°) that if 


za+ B(x+a) =a, 
and 
x(Ma+ + Bl[xz+(Ma+ = Ma+ Na, 


then x must equal B. The hypothesis may be rewritten in the combined 
form 


Bra + Bia + Br(Ma + Na) + Bz(Ma + Na) =0, 
or 


a(Bi + BM) + 4(Ba+ BN) =0. 


Since (Ba + BM)(Ba + BN) = 0, this equation is always solvable for z. 
Solving it, we get 


a= Ba+BN+u(B+aM) = Bia+N+u)+uaM, 
where w is indeterminate. As x must equal B, we obtain t he equation 


B = B(ia+N+u)+uM, or BuaM + BaaN = 0. 


As a and u are both indeterminate, we may assign them both the value 0, 
whence we get BN = 0, or the value 1, whence BM = 0. The second part 
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of G yields us the formula 
a(Ma+Na)+B(a+Ma+Na)=B, or MaB+NaB=0. 


As a is indeterminate, we can make it either 1 or 0, thus getting the results 
MB =0 and NB =0. Putting these results together with those which 
we have just reached from the first part of G, we see that M = 0, N = 1, 
and a’ = 0a+14=4. We thus see that the only operation in the algebra 
of logic which can have the characteristic properties of negation in a system whose 
operations are such that they can be expressed in the symbolism of the algebra of 
logic is the operation of negation itself. 
Postulate 7 imposes no further restriction on @. It tells us that if 


ab + B(a+b) +5, 
there is some element x other than B, such that 
ax+ B(a+2) =a, and be + B(b+a2)=b. 
Now ab + B(a +b) is such an x. In the first place, it cannot equal B, 


for if it did, the equation ab + B(a +b) = B, which we should obtain, 
would reduce to the form Bab + Bab = 0, whence we should get the solu- 
tion a = Bh + u(B+56), where u is indeterminate. Substituting this in 


the inequality ab + B(a +b) + b, we get 
Bb + B( Bb +u(B+6)4+5) +5. 
This is reducible to the form 6 + Bb + Bb, which is manifestly false. Conse- 


quently ab + B(a+b) is a different element from 2. Furthermore, we 
have 


ax + B(a+2) =alab+ B(a+b)]+Bla+ab+B(a+b)] 
= ab + Ba + Ba =a. 


Similarly, be + B(b +2) = 6b. This proves our point. 

Postulate J is obviously satisfied by our operation @ , just because it is 
satisfied by our original boolean algebra. We have consequently proved 
that the necessary and sufficient condition that an operation expressible in the 
symbolism of a boolean algebra should possess the formal properties of the + oper- 
ation is that it should be of the form xy + B(a+y), and that a transforma- 
tion of the ordinary addition into this new operation leaves the operation of nega- 
tion unaltered. As a consequence the operation made to correspond to 
logical multiplication by this transformation will be that which, when applied 
to x and y, yields us 


=(#9 + B(€+9)] = (ex t+y)(B+a2y) = + Blx+y). 
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It is a well-known fact that all operations of the form Ax + AZ are one- 
one, and that these are the only one-one operations in a boolean algebra.* 
It is obvious that if the whole of a boolean algebra is transformed into itself 
by one of these transformations, all its operations will be changed into rela- 
tions of similar formal properties. The question thus arises, what relation 
will hold between Ax + AZ, Ay + Aj, and Az + Az if x+y =2? Let 
Ax + Aé =u, Ay + Aji = 0, and Az+Az=w. Then x = Au+ 4a, 
y = Av + Ad, andz = Aw + Aw. But, by hypothesis, x + y =z. There- 
fore Au + Ati + Av + Ai = Aw + Aw. Hence 


Au + Av = Aw, and Ai + At = Aw. 
But 4w = A(Aw) = A( At + Ad) = A (A +u)(A+v) = Au. Hence 


w = Aw + Aw = Auv + Au + Av = we + A(u +0). 


That is, the one-one operation which changes z into Ax + AZ transforms the 
operation of logical addition into the operation indicated by uv + A(u+v). 
Since the latter is in the general form for an operation which satisfies the postu- 
lates of a boolean algebra and is expressible in the symbolism of a given boolean 
algebra, as we have already seen, we have shown that all such operations are 
“ordinally similar’’} to the operation of logical addition. This we might also 
have deduced from the fact that an operation definable in the symbolism of 
a boolean algebra and satisfying Huntington’s postulates is completely deter- 
minate when the element corresponding to 1 is given, so that there is only 
one operation which establishes this correspondence, namely, that which 
results from + when the whole algebra is subjected to a one-one transforma- 
tion which makes the indicated change in 1. 

It is natural to consider those properties of the boolean algebras which 
are independent of the special @-operation we take for our logical addition as 
more deep-rooted and fundamental than the rest, much as we assign some sort of 
a priority to those properties of a geometrical space which are unaltered by 
projection. It is to be noted that the invariant properties in the boolean 
algebras differ from those in geometry which are unaltered by projection in 
that the former are invariant with reference to all transformations expressed 
by formulas belonging to the algebra in question, so long as they leave its 
formal properties unchanged, while such an analytic-geometry transformation 
as (2’ = x, y’ = y, 2’ = 2°) does not alter the intrinsic formal properties of 
real space, though it alters the projective properties of certain configurations. 
It is a natural question to ask, whether a given relation between the entities 
of a boolean algebra retains its formal properties with respect to the algebra 


* Schréder, Algebra der Logik, Vol. I, p. 463. 
t Cf. Whitehead and Russell, Principia Mathematica, Vol. II, * 151. 
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unaltered by all of the transformations definable in terms of the algebra which 
leave the formal character of the algebra unchanged, just as it is an important 
question in geometry whether a given relation remains unaltered by a pro- 
jective transformation; but from what we have seen, the latter question is the 
more deep-rooted of the two. Now it is a well-known fact that every rela- 
tion between entities belonging to a boolean algebra, which can be expressed 
at all in the symbolism of the algebra, can be expressed as a logical function 
of equations and inequations to 0. We may therefore give a precise formu- 
lation to our question thus: when will an expression of the form 


l=k 
(a 2, + a, = 0 
l=1 


(where & and / are numerical subscripts and the summation sign extends over 
the a’s which are either 1 or 0) retain its truth-value unaltered by any trans- 
formation of the x’s which turns each x, into Bx, + Bz, where B is inde- 
pendent of the value of k? From what we have already proved, it may be 
seen that such expressions, and only logical functions of such expressions or 
their negations, represent relations among the 2’s which remain invariant with 
reference to all transformations definable in terms of the algebra, which leave 
it still a boolean algebra. If our expression is to remain invariant under all 
such transformations, it must retain its truth-value unaltered by the trans- 
formation of all the 2’s into their negations. This transforms our relation 
into 


l=k 
(a; + ay =0. 
l=1 


From this and our original equation we can derive an equivalent equation by 
q 
adding the expressions equated to 0. This equation will read 


l=k i=k 
LL (a + a. + Il (a2 + a | = 0. 
= 


This expression remains unchanged by all transformations of the 2’s which 
may be expressed in the symbolism of the algebra and still leave it a boolean 
algebra. As we have seen, any such transformation turns every 2 into 
Bx + Bz, where B is the same throughout the algebra. Also (G2 + a: £1) 
would be changed by this transformation into 


B (a, + a. %:) + a, + #1), 
and (a; 2x; + would become 


x1 a; £1) + B (a,x + ). 
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As a consequence, 


k l=k 
x1 + ay £1) (a x1 + 
1 =) 


l=k 
1% + a + BIL (a2 + a 41) 


l=k __l=k 
BIT (aa + a; Z:) + BI (aa + 


which is precisely its original value. This proves our point, and enables us 
to formulate the theorem that the necessary and sufficient condition that a rela- 
tion between any number of the elements of a boolean algebra should remain 
invariant with reference to all transformations of the algebra into itself which 
may be expressed in its symbolism and leave it a boolean algebra is that the 
relation should remain invariant with regard to negation. Such a relation is 
fully characterized by the fact that it can be expressed as a logical function of 
equations or inequations to 0 of completely expanded functions of the related 
elements, in which the coefficient of each product of all the elements or their nega- 
tions is identical with that of the product whose factors are the negations of those 
of the former one. 

It will be noticed that Kempe’s between-relation and obverse-relation* 
both satisfy this criterion, for Kempe’s ab -c, which is his way of saying 
that ¢ is between b and a, may be written abe + abe = 0, while if a, b, c, 
etc., form an obverse collection, the sum of their product and that of their 
negations is 0, and vice versa. It was, of course, recognized by Kempe that 
these relations, and all that can be defined in terms of them alone, represent 
a level of greater generality and universality in the boolean algebras than 
the operations of logical addition and logical multiplication, for the former 
do not enable us to discriminate between 0, 1, and the other elements of the 
system. What this article proves in addition is that Kempe’s relations 
represent the very highest level of generality attainable in a boolean algebra, 
for they remain invariant under all the transformations of the algebra into 
another boolean algebra which may be expressed in the symbolism of the 
first algebra. | 

HarvarpD UNIVERSITY, 

April 24, 1916 


* A.B. Kempe, On a relation between the logical theory of classes and the geometrical theory 
of points, Proceedings of the London Mathematical Society, vol. 
21 (1890), pp. 147-182. 
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ON A THEORY OF LINEAR DIFFERENTIAL EQUATIONS IN 
GENERAL ANALYSIS* 


BY 
T. H. HILDEBRANDT 


The fundamental principles of generalization have been well formulated by 
E. H. Moore in the statement: 

“ The existence of analogies between central features of various theories implies 
the existence of a general theory which underlies the particular theories and unifies 
them with respect to those central features.” 

In applying this principle to the analogies between the theory of linear 
integral equations and the theory of systems of linear algebraic equations and 
biquadratic forms, Moore was led to the construction of a body of General 
Analysis, consisting of a theory of properties of classes of functions on a general 
range, developed in his Introduction to general analysis;} a theory of functional 
operations, sketched in the papers, On a form of general analysis with appli- 
cations to linear differential and integral equations,t and On the fundamental 
functional operation of a general theory of linear integral equations ;§ a general 
theory of linear integral equations, outlined in the paper on Foundations of 
the theory of linear integral equations|| and the paper on Functional operations; 
and an existence theorem for general differential equations. ] 

It stands to reason that these general theories, in addition to the wide 
range of results obtainable as a result of specialization, may also serve as a 
basis for the consideration of generalizations in analogous fields. The present 
paper is an application of some of the concepts of the General Analysis and 
some of the results of the general theory of integral equations to the theory 
of general linear differential equations. The possibility of such an application 


* The first part of a paper presented to the Society, December 31, 1915. 

t Yale Colloquium Lectures (1910), pp. 1-149. Referred to as “General Analysis.” An 
excellent introduction to the General Analysis is contained in O. Bolza’s Hinfuehrung in E. H. 
Moore’s General Analysis. Jahresbericht der Deutschen Mathematiker 
Vereinigung, vol. 23 (1914), pp. 248-303. 

t Atti di IV Congresso (Rome) (1908), vol. II, pp. 98-114. 

§ Proceedings of the Fifth International Congress (Cambridge), vol. I, pp. 230-255. Referred 
to as ‘Functional Operations.” 

||Bulletin of the American Mathematical Society, vol. 18 (1912), 
pp. 334-362. Referred to as “‘ Integral Equations.” 

{{ See Rome Memoir (f) and lectures at the University of Chicago. 
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was suggested by the results obtained by Moore in the derivation of existence 
theorems for general differential equations. The path to be pursued was 
pointed out by L. Schlesinger in his paper: Zur Theorie der linearen Integro- 
Differentialgleichungen,* who observes the analogy between systems of linear 
differential equations, and integro-differential equations of the form: 


d b 
(P2952) = @(p, G2) +f a(p,r;z)n(r,q;2)dr, 


where p and q are continuous real variables, and z ranges over a complex 
field, while 7 and a@ are continuous in p and q, and analytic in z. We shall 
consider a general theory based on an equation analogous to this equation, 
p and q being replaced by general variables, the condition of continuity of 
the functions a and 7, by that of belonging to certain given classes, and inte- 
gration by a general operator J. Instead of allowing z, however, to vary 
over a region in the complex plane, and the functions 7 and a to be analytic 
in z, we restrict ourselves to the simpler case where z is the real variable x on 
a finite linear interval and the functions 7 and @ are continuous in 2. 

In a later paper we shall make a study of the solutions of the general linear 
differential equations considered in this paper, which satisfy certain linear 
boundary conditions. 

I. THE FOUNDATIONS 

For the sake of convenience and clearness, we collect in these preliminary 
paragraphs, those of the fundamental concepts and propositions developed 
by Moore in his General Analysis, which we shall find useful in the sequel. 

1. The fundamental classes.t The element of generality is secured in 
our theory by the introduction of a general, absolutely unconditioned class 
$ of elements p. The class [ enters the theory mainly through the medium 
of functions u(p) or uw, which define for every element p a real or complex 
number. An assemblage or class (Menge) of such functions will be denoted 
by Mt. If W is the class of all real, or more generally, all complex numbers a, 
we shall use the terminology: J is a class of functions on $ to W. 

In addition to the general class $3 and the class of functions 92, we shall 
need the particular class ¥, a class of elements x ranging over the linear 
interval a = x = D; and the class € of all continuous functions on X to Y. 

2. Properties of classes of functions. (a) Linear Extension and Line- 
arity.t If we construct all possible linear combinations }°7_; a; u; of functions 
of the class 3%, we obtain, in general, a new class which is called the linear 
extension of the class Jt and is denoted by the symbol Jt,. In case the linear 
extension of a class is the class itself, then the class is said to be linear (L) : M”. 


*Jahresbericht der Deutschen Mathematiker Vereinigung, 
vol. 24 (1915), pp. 84-125. 

+ Cf. E. H. Moore, General Analysis, pp. 24, 25. 

t Cf. E. H. Moore, loc. cit., pp. 36, 37. 
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(b) Relatively Uniform Convergence. Closure of a Class.* The sequence of 
functions py, is said to converge to the function yw on § relatively uniformly as 
to the scale ¢ (Ln un = wu (B; o)) in case for every e there exists an n, such 
that if n = n,. we have 

| Mn = 
identically for every p of the class $. If for a class Mt we take the limits of 
all sequences which converge relatively uniformly as to functions of a scale 
class S, we obtain a new class, called the extension of IN relatively to S and 
denoted by Mt-. In case the extension of Pt relative to itself is the original 
class, then Mt is said to be closed (C), i. e., M° is the same as My = M. 

(ec) Dominance. Dominance Properties D and Do.t A function yp; is said 
to dominate py. on $3, in case we have for every p of $ 


(p)|- 


The importance of dominance in the theory is due to the presence of the scale 
function in the inequality defining relative uniformity of convergence. The 
desirability of a nowhere negative real-valued scale function, and also of a 
single scale function to replace a sequence of such functions leads to the 
following two dominance properties or conditions on the class Jt : Mt is said 
to have the dominance property Do (MM) in case there is for every function wu 
of the class Jt a nowhere negative real-valued dominating function po of 
the class It; further M is said to have the dominance property D (IM” ) in case 
for every sequence of functions yp, of the class 9t there exists a sequence of 
real numbers a, and a function p of the class Mt such that for every n, dnp 
dominates pn, i. e., 
| S| an 


(d) *-Extension.t By a combination of linear extension and extension 
relative to a class, we obtain a new extension which plays a central réle in 
the theory, viz., Ms = (Mtz)». If Mt has the property D, then this new 
class has the properties: L, C, and D. 

3. Composition of classes.§ Suppose we have two general classes 8’ and 
$$” of elements p’ and p” respectively. Then the composite class 3’ B’’ is 
the class of all pairs of elements (p’, p’’) or p’ p’’. Similarly if Mt’ and M?’”’ 
are classes of functions yp’ and yw” on and respectively, to then the 
class I’ M’”’ on P’ B”’ is defined to consist of the products of all functions py’ 
of St’ by functions pw” of The *-extension of 


(M’ ( ( Mr’ yard » 


* Cf. E. H. Moore, loc. cit., pp. 29-37. 
+ Cf. E. H. Moore, loc. cit., pp. 39-42. 
t Cf. E. H. Moore, loc. cit., pp. 78-79. 
§ Cf. E. H. Moore, loc. cit., §§ 53, 54, 55, pp. 93-96 
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is called the *-composite of St’ and Mt”, and is of special importance in the 
theory. We shall denote this class by & and the elements of the class by 
x(p' p’’) or x. The class obtained by reversing the order of the elements p’ 
and p”, i. e., will be denoted by (K-transposed) and its func- 
tions by «(p’ p’’) or k. 

The process of composition can be extended to more than two classes. In 
particular we shall use the composite class $’ $’”’ ¥ and the class H on P’ PB” ¥ 
to 2, which is defined to be the *-composite of Dt’ Mt” C, i. e., 


H = = ((DU M” C)z)w 


The elements of this class will be denoted by a(p’ p”’ x), or a, and 
n(p’ px), or. 

We have the following propositions on properties and interrelations between 
the classes M@’”’, €, KR, and H: 

(a) If Me” and Me”, then R22, Any function «x of & belongs 
to I’ for p’’ fixed and to Mt” for p’ fixed. 

(b) and then Any function 7 of belongs to 
R for x fixed, and to € for p’ and p” fixed. The class & is a subclass of the 
class . Asa matter of fact, every function 7 of the class © is uniformly 
continuous on %, relatively uniformly as to the class § ,* i. e., there exists 
a « such that, for every e, there exists a d, such that if 

la, -mlsd, 
then 
In (a1) — 


4. Operators.t We assume that there is present in our theory an operator 
J»’’p’ or J, which transforms functions of the class & into real or complex 
numbers, i. e., J is on R to &%. We shall suppose that J has the following 
properties: 

(a) Linearity (J”), viz., J (ay ky + a2 ko) = a, Sky + ae Ske. 

(b) Modular Property (J™), viz., there exists a nowhere negative func- 


tional operation M on nowhere negative real-valued functions of ® such 
that if 


|x| wo(=0), then | Jx| = 
These conditions are sufficient to secure the additional properties contained 
in the following propositions: 
(1) n(p’ p” x) or 7 is a function of the class €. 
(2) x) p” x) or 1 is a function of the class 


* Cf. E. H. Moore, loc. cit., p. 101. 
+ Cf. E. H. Moore, Integral Equations, Bulletin of the American Mathe- 
matical Society, vol. 28, pp. 351, 361; Functional Operations, loc. cit., p. 238. 
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J 41 Jo3 Ko = Jo3 J41 Ko, i. e., two successive J-operations are commutative. 
(4) J is ultra-continuous, i. e., if 


In tn = BP" ¥; H), then L, Jan, = Jan(P’ ¥; H). 
As a consequence J is also continuous, i. e., if 
L, kn = «(P’ 2), then Ladin = Ju. 


In addition to the general operator J on § to 9%, we shall make use of a 
special functional operator, the indefinite integral 


de or I, 


operating on functions of the class ©, and yielding functions of a subclass C’ 
of this class. On account of the nature of the class 5, the result of applying 
I to a function this class of yields again a function of §, or rather of a sub- 
class of $, which we shall denote by 5’. We shall define the class ’ to 
be the class of all functions of the form Jn +«. Evidently this class is linear. 

The operator J has the properties Z and M, the modular function being 
J dx. As a consequence, I is also ultracontinuous. Since relative uni- 
formity as to functions of the class € is equivalent to ordinary uniformity, 
we have: 

(5) If Lamm = P" X; K) then Ly Imm = In (P’ P" X; K). 
Further, as in the case of two successive J-operations, we show that J and J 
are commutative on functions of the class 9, i. e., 

(6) For every n we have IJn = JIn. 
The extension of the operator J to permit of operation on functions of the 
form (p’ p’”’ x) 2(q' q’’ x), isapparent. In particular we have an extension 
of the formula for integration by parts, viz., 

(7) Im p” x) Ine (q' = [mm (2%) — m (20) — Imm. 
A direct consequence of this proposition and of proposition (6) is that, if m 
and 72 belong to 9’, then 

(8) Jos m1 2 OF J qq’ m p” x) is again a function of 9’. 

Finally we shall use the operator d/dz or D, or D, assuming that it is the 
inverse of integration 7. D, or D, then, operates on functions of the class §’ 
and yields functions of the class §, and in particular: 


D(In+«) =». 
Hence if 7 is of class $’, we have 
(9) IDn = n(x) — 
From the propositions on the operator J, we can derive corresponding proposi- 


tions for the operator D. In particular, from (6) follows the commutativity 
of D and J when operating on functions of the class 9’, i. e., 
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(10) For every function 7 of class $’ we have DJn = JDn. 

Further from proposition (7), if m7; and 2 belong to 9’, then 

(11) DJos m m2 = Jo3(m + m2 Dm). 

5. Summary. ‘To summarize, then, the contents of the preceding para- 
graphs, we shall assume as the basis or foundation of our theory the following: 

}’ and $’’, general classes of elements p’ and p’’. 

¥ a class of elements x on the linear interval a S x S b. 

a class of functions yp’ (p’) or on to A, with the properties LCDD,. 

a class of functions (p’’) or on to A, with the properties 
LCDD,. 

€ the class of all continuous functions on X to A. 

R the class (Mt M’’)» of functions «(p’ p’’) or x. It has the properties 
LCDD,. 

the class (MU of functions n(p’ p” x) orn. It has the proper- 
ties LCDD, and contains the class 

’ the class of all functions of the form Jn + x. 

J an operator on & to %, with the properties L and M. 

IT=f, on Sto’. J and J are commutative processes. 

D = d/dx,on to. D and J are commutative processes. 


Il. THe DIFFERENTIAL EQUATION AND ITS PROPERTIES 
6. The differential equations. In the theory of a system of linear differ- 
ential equations of the nth order 


Dz yi(a) = Do aij (x) y; (2) (¢ =1,2,-++,m). 
j=! 


in which the a;;(x) are a system of n® functions of the class € on X¥, and 
the y; (2) are to be determined (they will be of class @’ ) , we find the following 
theorems: 

TueoreM I. There exists a unique system of sets of solutions y;(x) of 
class ©’ on X, which satisfy the initial conditions 


(xo) =: 


where 6;; is the Kronecker 6, i. e., zero for i + j and unity for i = j. 
TneoreM II. The determinant formed of this system of solutions y (x) is 


not zeroon %. It has the value 


x0 


TueoreM III. The general solution of the system can be written in the form 


yi (x) = Ley (x), 


where the ec; are constant. 
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With a view to generalizing this situation we note* that it is not a set of n 
solutions which is fundamental, but rather a system or matrix of n* solutions 
yi (x) = y? (x2). In reality Theorem I might read: There exists a unique 
system y;;(«) of solutions of the n? equations: 


(2) = Doan (x) ms (2), 
k=1 


which satisfy the initial conditions: y;; (a9) = 6;;.. Then we recall that in 
the theory of functions of two continuous variables, the expression which 
plays the réle of a determinant is the series introduced by Fredholm and 
generally called a Fredholm determinant, viz, 


0 0 


K (22 21) K (2X2 a2) | 


The finite analog of this determinant, however, is not the determinant of 
the elements k;; but the determinant of the elements 6;; + 4;;. This sug- 
gests that in our differential equation we replace y;;(2) by 6:; + 9i;(2). 
This gives 


n 


Relative to this new equation the three theorems stated above become 
THeorEM I. There exists a unique system of solutions yoij(2) of class © 
on X which satisfy the initial conditions y,; (a) = 0. 
THeoreM II. The analog of the Fredholm determinant, 7. e., the determinant 
of + yi; of these solutions is not zero on It has the value 


Sins aii(x) 


TuHeoreM III. The general solution of this system of equations can be written 


in the form 
(@) = + (2) + you (2) 


where the c;; are a system of n? constants. 
Following Schlesinger} we obtain by a limiting process analogous theorems 
in the case in which i and 7 are replaced by the continuous variables p and q 


i=n 


ranging over the interval 0 = p = 1, and )- i=? by J, the equation being 


1 
Dzn(p,q; 2%) = a(p, gq; x) +f a(p,r;x)n(r,q;x)dr. 
0 


* Cf. Schlesinger, loc. cit., vol. 24, p.85. Note that Schlesinger considers monogenic func- 
tions of a complex variable z, while we are considering functions of the real variable z. 

t Loe. cit., pp. 85 90-97. The idea of passing to a limit in order to obtain results relative 
to integro-differential equations was previously pointed out by Volterra. Cf. Rendiconti 
dei Lincei, ser. 5, vol. 18 (1909), p. 173. 
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These two equations and theories being analogous point the way towards 
considering 

Dn(p' 2) = a(p' 2) + a(p' 
or 
(A) Dyn = a+ Jan, 
where p’, p’” are on the range f’ $’’, x is on X, a and 7 belong to H, and 
J is a linear operator, as the fundamental equation of our theory, and it is 
relative to this equation that we obtain theorems including Theorems I’, II’, 
and III’ as special cases. It is desirable to consider also the associated homo- 
geneous equation 
(B) Dn = Jan. 

7. The existence theorem. An existence theorem for general differential 
equations has been developed by Moore.* It would be an easy matter to 
derive from this general result a theorem which would apply in the case of 
equations (A) and (B). We prefer, however, to proceed directly. We have 
the following 

THeoreM I. There exists a unique solution no of class ’ of the equation 


Dn = a+ Jan, 


which satisfies the initial condition n(x) = 0, where xo is any element of the 
class X. 
The proof depends upon the fact that the differential equation 


Dn = a+Jan 


with the initial condition 7 (a9) = 0 is equivalent to the integral equation 
n = Ila + IJan, I being f,, dx. In fact, if there is a solution of the differ- 
ential equation with the initial condition, we obtain the integral equation by 
integrating from 2p to 2, i. e., this solution satisfies the integral equation. 
On the other hand, if there is a solution of the integral equation of class $ we 
must have first of all »(2o) = 0. Further, on account of the form of the 
equation, it will be of class $’. Hence differentiation is permitted and we 
regain the differential equation. It is therefore sufficient to show that this 
integral equation has a unique solution. 

Suppose then that 7 = Ja + [Jan has a solution yo of class $’. Then 
by successive substitution we see that 79 must also satisfy the equation 


no = la + (lJa)" la + (Id a9. 
n=1 


This suggests that 79 might be of the form: 


n = la + Ia. 


n=1 
* Cf. Atti di IV Congresso (Rome), vol. II, pp. 113-114; also lectures at the University of 
Chicago. 
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Let us then determine the nature of the convergence of the series on the 
right-hand side. We recall that the class is dominated by the class R and 
this in turn by the class Pt’ Mt’, and as a matter of fact, on account of the 
property Dy, by nowhere negative real-valued functions of this class. Hence 
for every there exists =0, uw, =O such that It follows 


then that 
and so 


That is, since J has the properties M and L, 
| Jala} 
or, 
| JaTa| = (p’) Muy me — 
Integration yields 
| (1/(2!))|2 — we Muy 
Repeating this same process we easily show by induction that 


|(1Ja)" Ia|= Bo Mo (Muy )”, 


and hence the series Ja + >>, (IJa)" Ia is term by term less than the series 


4 — 


(n +1)! My My (Muy )*; 


which series is convergent on uniformly as to the function 
Hence the series for yo is convergent uniformly relative to the class Jt’ Mt” 
and, on account of the closure of the class 5, represents a function of this 
class. 

The function defined by this series satisfies the original integral equation. 
For from the relative uniform convergence of the series and the continuity of 
I and J, it follows that term by term integration is permissible, i. e., we have 
IJano = (IJa)" Ia, and hence 


IJano + Ia = no. 


This shows incidentally that 7 is of class 9’. 
Finally, the uniqueness of the solution follows from the fact that for every 
n of class we have Ln». (IJa)" » = 0, and as a matter of fact relatively 
uniformly as to the class Jt’ Mt’. For from the dominance properties of the 
class § it follows that there exist nowhere negative real-valued functions 
Trans. Am. Math. Soc. 6 
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m, and uw, such that |y|= yu’. By applying the same line of reasoning 
as in the case of the convergence of the series for yo we show that 


la — , ” , 


From which we have 
L (Ja)" = 0( 8’ B” ¥; M’ M’”). 
8. Excursus on Fredholm determinants.* In the theory of the general 
linear integral equation of the form 
By = + 


in which yu; and p, belong to M’ , x to KR and J is the same general linear operator 
which we use above, Moore has defined the Fredholm determinant and the 
first Fredholm minor as follows: 


Pi eee 
Po. (z) = 1 = at Jp K ( ) 


where 
(Dp, )K (DP; De) K( Py ) 
Dy ) — |K(P2 Pi ) Pp) K( ) 
and 


F, (p’ p’; 2) = K(p' + —J 3 

n! Py P, Py Pi eee Pn ? 
and he has shown that the series for Fy converges absolutely and uniformly 
for all finite values of z, and that the series for F; converges on $3’ 3’’ abso- 
lutely and uniformly as to Jt’ Mt’ , and uniformly for z finite. F, thus defines 
a function of the class R for every finite value of z. Further we have 


Fy = Fox 03 KF, = Fox 2d 03 F, K, 


and as a consequence, if Fy + 0 the equation uw; = uw: + 2J Ku: has the unique 
solution 
, , 
Me = By — 
Since for every x of the class ¥ the function 7 belongs to the class R, we 
can set up these same determinants for 7 and obtain 


F >) = Pi Da. 
on (x) n! * Pn Pp” Dp, & 
= Cf. E. H. Moore, Integral equations, loc. cit., pp. 353, 354. 
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and 


It can be shown that the series for F,, converges uniformly on ¥ and henée 
represents a continuous function on X; further that the series for F;, con- 
verges on 3’ 8” ¥ relatively uniformly as to the class and hence is again a 
function of this class. In case 7 belongs to the class ’ we can go a step 
further and assert the 
TuEeorEM. [If 7 is of class ’ then Fo(x) is of class ©’ , and we have 


Fo(x) = Fo JDn J41 Jo3(Dn) Fi. 


By following the line of reasoning used by Fredholm* in the derivation of 
an analogous equation, we obtain the above expression for D, F,(2), and 
conclude therefrom that Fo (2) is of class C’. 

A well-known consequence of this result is the 

TueoremM. If x; and kez belong to the class R then the Fredholm determinant 
of Ki + Ko + Jk; ke is equal to the product of the determinants for x, and kz, 7. e., 


Fo( + Ke + Ko) = Fo (1) Fo 
Since 7; and 72 of class § for fixed x belong to & it follows that 
Fo(m + 12 + Im = Fo(m) Fo (n:). 


9. The Fredholm determinant of 7). Since the function 7, the solution 
of equation (A) for which (ao) = 0, whose existence was shown in § 7, is 
of class $’, we can construct the Fredholm determinant of this function and 
apply the results of the preceding paragraph. We obtain 


DP on | JD no J41 Jo3( Dro) Fin 


But 
Dno = a+ Jano. 


Substituting and making use of the commutativity of successive J-operations, 
we get 


DF = Fyn, Ja — a (no Fy 


Ono Ono 


Fin Jno Fins) 


m0 


But no, F,,,, and F,,, are connected by the relation: 
No Fun Fins Jno = 0. 
Hence 
DF > Fon Ja. 


Now F,,, is not identically zero in x, since, for x = 2 it has the value unity. 


* Sur une classe d’équations fonctionelles:. Acta Mathematica, vol. 27 (1903), 
pp. 379, 380. 
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Hence for the values of x for which F,,, is not zero, we have 


DP yn, 
We have thus proved 
TueoreM II. The Fredholm determinant of the solution no of equation (A) 
is not zero. It has the value e™*. 
10. The General solution of equations (A) and (B). By following the line 
of reasoning indicated by Schlesinger,* we show that any solution 7 of class 
’ of equation (A) can be expressed in the form 


= Ja, 1. Pon = 


Ono 


7 =m + 20 


and thence that Dn, = 0; that is, 7; is independent of x and hence a function 
of the class R. We therefore have: 

TuHeorEM IIIa. The general solution of equation (A) of the class ’ can be 
written in the form 


where x is a function of the class R , and no (ao) = 0. 

From the second theorem of § 8 it follows that the Fredholm determinant 
of y is the product of the Fredholm determinants of x and mo and hence is 
zero only when the determinant of x is zero. Moreover the form of the general 
solution together with the fact that the Fredholm determinant of 7 is not 
zero yields the more general 

EXISTENCE THEOREM. There exists a unique solution of equation (A) of 
class S’ which satisfies the initial condition n (20) = ko, where xo 1s any ele- 
ment of ¥ and ko any function of R. 

We can proceed in a somewhat similar way for the homogeneous equation 
(B). By observing that the difference of two solutions of the equation (A) 
is a solution of equation (B) we easily obtaint 

THeoreM IIIb. The general solution of Dn = Jan can be written in the 
form 

n=Kkt+dnk, 
where « is a function of the class R. 

Observe that this theorem does not give the general solution of equation 
(B) in terms of a particular solution of the same equation, but in terms of a 
particular solution of the non-homogeneous equation (A). As in the previous 
case we can state the 

ExIstENCE THEeoREM. There exists a unique solution of equation (B) of 
class S’ which satisfies the initial condition n (29) = Ko, where xo is any element 
of X and ko is any function of KR. 


* Loc. cit., pp. 99, 100. 
t Cf. Schlesinger, loc. cit., p. 97. 
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11. The adjoint equations. In the theory of systems of n linear differ- 
ential equations, there is associated with the system 


Dys (2) = (2) 
j= 
the system 
Dz; (x) = (2) 
j= 
obtained by changing the sign of the functions a;;(2) and summing with 
respect to the first of the two subscripts instead of the second. Similarly, 


in the case where 7 and j are replaced by continuous variables, Schlesinger* 
points out that it is desirable to call 


b 
Dyn(p,g; 2) = — a(p,g 2) -f 


the adjoint of the equation 
b 
Dn(p,G =a(p,qgx) + 


On the basis of these observations we define the equation 
(A’) Dn = —a —Jna 

to be the adjoint of equation (A), and 

(B’) Dn = — Jne 


to be the adjoint of equation (B). 

If » and 4 are any functions of $’, we denote by M,(7) the function of 5 
represented by the expression Dy — a — Jan, and by N,(4) the function 
represented by Dj + a+ Jia. We then have the following formula which 
is analogous to the Green’s Formula, 


(Gi) D(n+44+Jin) = Mi(n) + + JGMi(n) + IM (4) 0 
or 
(n+ 4+ Jin) = I(Mi(n) + Ni(4) + (9) + (4) 0). 
For by definition we have 
J (4Mi(n) +. Ni(4) 0) = J (4Dn + (Di) 1+ an — fa — + (Jia) 2) 
= J (Din) + Jan — Jija 


= J (Din) — Mi(n) 
or . 


Dyn + + JDin = Mi(n) + Ni (4) + JGMi (9) + INi (4) 
* Loc. cit., p. 117. 
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By using the commutativity of the operators D and J when operating on 
functions of the class ’ we get the first form given above. The second 
form is the result of integration between 2» and x. 

Similarly if we denote by M2 (7) the expression Dn — Jan, and by N2(4) 
the function D4 + Jia, we have 


J ( 4M2(n) + N2(4)7) 


(Go) DJ in 
or 
(Jin):, = IJ + N2(4)7). 


Formula G, is immediately applicable to the question of the solution of 
the equation (A’). As a matter of fact, suppose jo is a solution of (A’) for 
which fo(20) = 0. If we substitute for 7 the solution mo of (A) and for 7 
this solution 79 of (A’) we have 


no + fio + Jijo no = 0. 


On the other hand if jo is related to no by means of this last equation we have 


from formula (G;) 


Mi (0) + Ni (40) + Jao Mi (m0) + 0 
= Ni (fo) +JNi m0 = 0. 


But since the Fredholm determinant of 7 is not zero, this has but one solution 


Mi (40) = 0, 
that is, we have 
TueorEeM IV. The conditions N, (io) = 0 with = are equivalent 
to 
no + fio + Jio no = 0. 
However, this is in the form of a reciprocal relation in the theory of linear 
integral equations and therefore at once follows 
Corotuary I. The solution of equation (A’) which satisfies the initial con- 
dition = 0 is 
where Fo,, and F;,, are respectively the Fredholm determinant and first minor of no. 
Further since the Fredholm determinant of 7: + 72 + J 2 is the product 
of the Fredholm determinants of 7; and m2, we have 
Corotuary II. The Fredholm determinant of the solution io, for which 
fio (vo) = 0, is not zero. It has the value e~™*. 
In a manner similar to that used for equations (A) and (B), we prove 
TueoreM III’. The general solution of equation (A’) is expressible in the 


form 


fo tx + 
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and of equation (B’), in the form 
4 = «+ Jkio. 

For any solution of equation (A) and any solution of (A’) we have 

THEOREM IV’. If » and § are any solutions of class $’ of equations (A) and 
(A’) respectively, then 

n+4+ Jin =k, 

where x is some function of the class & , i. e., independent of x. 

In terms of the solution jo of the equation (A’) it is an easy matter* to 
obtain 


n = « + + Lao + Jo Lay + + 
as the general solution for the non-homogeneous equation 
(C) Dn = ao + Jan. 
In a similar way, the general solution of the equation 
(C’) Dn = a — Jna 
is expressible in terms of the solution 7 of equation (A). 


12. Some examples. We digress in this paragraph in order to apply the 
results of the preceding paragraphs to some special cases. 

We consider first of all the case in which the function a is independent of 2, 
i. e., a is the same function of the class R for every x of X. In the solution 
no of the equation (A) for which yo (xo) = 0, 


nm = (IJa)" Ia, 


n=0 


it will then be possible to carry out the integrations and we obtain 


(a2 — 2%)” 


n=1 n: 
where a“ is defined as follows: 
= Ja) and aM =a, 


i. e., it is the mth iterated kernel of a in the sense of linear integral equations. 
On account of the properties of the class and the operator J, for every 
function a there will exist nowhere negative functions yw, and yw, and a constant 
b such that a” S po po b" as in §7 above, or in the theory of integral 
equations. It follows then that the series for yo is convergent for all values 
of zx, relatively uniformly as to the class R on $’ $’’, so that 7 is of class H 
on where may be the class ~ <2 < ©. The same will be 
 * CF. Schlesinger, loc. cit., pp. 119, 120. 
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true of the function obtained by putting 7 = 0. This function we denote 
by n(ar),i.e., 
(ra)™ 
In the case in which 
= = PY = (0S p= 1) 


and St’ = Mt’ =M'Y =the class of all continuous functions on ¥'", 
Schlesinger has called the function 7 (az) the Volterra Transcendental.* 

An addition theorem for this function 7 is an immediate consequence of 
the form of the general solution of the equation (A). For evidently 


no(z) = nla(x — 2)], 
and hence 
n(az) =x+nla(x — %)] +Jnla(x — x%) x. 


The function x is determined by letting x = x. This gives x = n(a%),i.e., 
n(ax) = (ax) + nla(x — %)) + In — (ax). 
If we let x = y + 2 and 2 = y, then 
nla(y+2)] = + 9(az) + Jn(az)n(ay). 
Since (a0) = 0, it follows from this that 
n(ay) + n(a(—y)) +Jnla(—y)]n(ay) =0, 


i. e., n(a(— y)) is the reciprocal of » (ay), a result which we might expect 
if we note that the solution of the adjoint equation Dn = — a — Jna for 
which 7(0) = Ois 


—a (n) a™ n 


n! n! 


The function »(az) thus has properties somewhat similar to those of e”. 
As a matter of fact, we can represent 7 (az) symbolically in the form 


(e* —1), 
where a" is to be replaced by a™. If we note that 


(e* —1)(e” —1) 


we obtain from 


— 1) (eo — 1) (e” — 1) 


Cr. Schlesinger, loc. cit., p. 113; Volterra, Legons sur les fonctions de lignes, pp. 127, 
158, and 159. 
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the more general addition theorem 


= 
provided a; and ae are such that 
ae = Jaz a, 


i. €., @ and ae are permutable.* 

Another type of interesting results may be obtained by specializing the 
ranges $3’ and $3’’, the classes of functions Jt’ and M’”’, and the operator J. 
We note the following intances: 

(a) Linear integro-differential equations.t We take 2’ = $” = $Y = the 
class of all points on the linear interval 0 = p=1. Further let Qt’ = M’”’ 
= MY = the class of all continuous function on B'%. Then & is the class 
of all continuous functions on $$ and G is the class of all continuous functions 
on $$X.t The operator J we assume to be the definite integral f;' dp. Then 
our differential equation (A) takes the form 


par) = +f ( pre)» dr. 


We conclude at once, then, that there exists a unique solution of this equation, 
no(pqx), for which y(2)) = 0. Moreover if we build the ordinary Fred- 
holm determinant for this solution it will not be zero on X but will have as 
its value 


(b) Systems of linear integro-differential equations.§ Let f’ = $B” = the 
composite class $"* $Y = class of all pairs (ip), where i = 1, ---,, and 
We assume that = M” = = the class of all 
sets of n continuous functions on $'%. Then & will be the class of all sets of 
n? continuous functions of two variables on $'¥ BY and § will be the class of 
all sets of n? continuous functions of three variables on G'Y B'Y ¥. We take 
for the operator J the bipartite operator >)j=7f,'. Then we have for 


consideration the following system of linear integro-differential equations 
n 1 
Dz (pqe) = aij (pre) nei (rqx) dr. 
t=1 e/9 


As a consequence of our general existence theorem, this equation has a 


* Cf. Volterra, loc. cit., pp. 124, 158 and 159. 

+ Cf. Schlesinger, loc. cit., pp. 84 ff. He considers the case in which the variable z is re- 
placed by the complex variable z. The functions 7 are analytic in z. 

t Cf. for instance O. Bolza, loc. cit., p. 291. 

§ See also § 12 below. 
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unique system of solutions for which 7i;(pgao) = 0. The Fredholm deter- 
minant of this system of solutions which can be written in the form 


= 1 | 
14D . | day dam 


Nin, in 


has the value 


So 


The general solution of the system will be: 


n 1 
nis (pqx) = Kj (pq) + (pge) + f noik (pre) (rq) dr, 


where x;; (pq) are a system of continuous functions on $Y. 

(c) Infinite systems of differential equations. Let ’ = $” = $™, the 
class ‘of all positive integers, i. e., p=1,---n---. We assume that 
Me’ = MY = the class of all functions yp’ for which Y,|u,|/ is convergent, 
f being greater than unity, and J?’ = '"y/v—» = the class of all functions yp” 


for which 
sa) / 
Pp 


is convergent. Then § is the class of all functions x (pq) for which there 
exist wu, and yw, so that 


(pq)! Su’ 


Further § will be the class of all functions which are continuous in 2, for p 
and q fixed, and are dominated by a function of the class &, i. e., if » (pgx) 
belongs to , it will be continuous in x, and there will exist a x (pq) such that 
|n (pqx)|=|«(pq)|, and conversely.t We assume that the operator J on & 
is the D?=" x(pp). That this series actually converges is a result of the 
inequality 


Since Z|u’(p)|/ and converge and there exist yu’ (p) and 
’(p) such that |x(pp)|S uw’ (p), it follows that 2x (pp) will con- 
verge also. Evidently 2?=? has the properties Z and M. We can then 


* Cf. for instance Bolza, loc. cit., p. 292. 

t Cf. Moore, General Analysis, pp. 110-114, 146, 147. This class may also be defined to 
be the class of all functions which belong to & for every z and are continuous in z relatively 
uniformly as to the class R. See p. 101. 

t Cf. Riesz, Theorie d’équations linéaires a une infinité d’inconnus, p. 45. 
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write our differential equation 


and conclude that this infinite system has a unique solution of class ’, for 
which no(pqg%o) = 0. The Fredholm determinant of this solution reduces 
to the convergent infinite determinant of 


5(pq) + no( 
where 6 (pq) is the Kronecker 6, and this determinant has the value 
gf 
The general solution of the equation of class §’ is 
n(pqx) = «(pq) + no(pqr) + no (pra) «(rq), 
while the general solution of the associated homogeneous equation is 
= «(pq) + (rq), 


where x is any function of the class R. If in this last case we consider q fixed, 
we get a function ¢ (pz) which belongs to Jt’ for every x. We can consider 
it a solution of the equation 


Do (px) = a (pre) (rx). 
If on the other hand we construct the adjoint equation 
Dn(pqx) = — 0( pre) a (rgr) 


and fix p in the general solution, we get a function Y(qz) which belongs 
to IN” for every x, and can be considered a solution of the equation 


Dy (px) = — (rx) a (rpx). 


We have here the same phenomenon which we find in the theory of equations 
of infinitely many variables, where solutions of adjoint equations belong to 
and respectively. 

(d) Finally we consider an instance in which the ranges 3’ and $8” are 
different. Let B’ = $B" = class i = 1, 2,---, n, and $” = §$'Y = inter- 
val O= Let =M'™ = class of all n-partite numbers, and 
Me’ = MY = class of all continuous functions on B'Y. Then & will be the 
class of all sets of n continuous functions on 3}, while § will be the class of 
all sets of n continuous functions on $X. Finally let the operator J on a 


r 
| 
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function p), or K;(p) be 


wi(p)Ki(p)dp, 


where w;(p) belongs to &. 
Then our differential equation becomes 


Dni( px) = ai (pr) + } (gar) (q) (pe) dg. 


We observe that every solution of this equation will also be a solution of the 
linear integro-differential equation 


Dn (pqx) = a(pqe) +f e(pre)n (rae) ar, 
where 
n( = (p) ni (gz) 
and 
= 21 wi(p)ai( ge), 


and also of the linear system of equations 


Dn (ijx) = + (ike) (kje), 
where 
= [ 0, (p) dp 
and ° 


a (ijz) = (p2) (p) dp. 


The converse is not true, excepting when w satisfies certain conditions. 
Applying our general existence theorem, we conclude that there will exist 
for our equation a unique solution 7;(px) for which (pa) = 0. When 
we build the expression corresponding to the Fredholm determinant of this 
solution with the operator defined above, we find that it may be regarded as 


the Fredholm determinant of (pqr) = wi(p) ni (qx), or as the ordinary 
determinant of 6 (27) + (7) where 


1 
n(ii) = (p) dp. 
Its value will be 


l 1 


13. On systems of linear differential equations. The results of §§ 6-10 
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can be easily extended to the case of a system of equations. As a matter of 
fact a simple transformation reduces the consideration of a system to that 
of a single equation. 

Suppose then that in place of the class 8’ we have n classes $B; (¢ = 1, ---, 
n), and instead of the class 2’ we have n classes B{ (i = 1, ---, m) which 
are not necessarily all distinct. Suppose further that in place of Yt’ on $’ 
to & we have n classes Nt’, on B; to A, and in place of MN” on PB” to W we have 
n classes J’; on $B; to WX, concerning each of which it will be assumed that 
they have the properties LCDD,). From these classes we construct the n? 
classes Ri; = (DY; MY on P; to A, and the n? classes Hi = (Mt; Mt; C)« 
on f; PB; ¥ to W. We replace finally the operator J on & to Wf by the n 
operators J; on &;; to 2, each of which will be supposed to have the properties 
I and M. We consider then in place of the equation (A) the system of 
equations 


and the homogeneous system associated with it 


Dnij Qik Nkj - 


In treating the corresponding extension in the general theory of linear 
integral equations, Moore* has suggested a process, viz., that of adjunctional 
composition which reduces the system of equations to a single equation. 
This same process is applicable here. We assume that the classes $3; have 
no elements in common, a situation which can always be attained by a suit- 
able transformation. We make the same assumption in the case of the classes 
3; . Then we define the class $’ to be the class of all elements belonging to 
any of the $7, i. e., B’ = Li=" Bi, and PB” to be the class of all elements 
belonging to any of the e. $B” = PB; . The class P’ will be 
the totality of elements in $; 8; . The class & will consist of all functions x 
for which we have 

K( Di Dy ) = Kis (Di ) 
and the class § will consist of all functions for which we have 


Further we define J operating on a function x to be 
Jk = kis. 
é=1 


Then the classes R and and the operator J will have the properties enum- 


= Cf. E. H. Moore, Integral Equations, loc. cit., pp. 355-357. 


ff 
n 
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erated in §§$ 3-5, and our system of differential equations reduces to the 
single equation 
Dn = a+ Jan, 
while the system (B,) becomes 
Dn = Jan. 

By applying the theorems of §§ 6-10, and replacing a, 7, and J by the ex- 
pressions from which they were derived, we get results of the following type: 

TueorEeM I. The system of equations (An) has a unique set of solutions ni; 
which satisfy the initial conditions ni; (ao) = 0. 

TueoreM II. The Fredholm determinant of this set of solutions is not zero 


on X%. It has the value 


The Fredholm determinant of a set of functions 7;; would take the form 


Ni, i, (Di, Pi, ) in (Pin Pin ) 


n n 


Nini: (Pin Pir ) *** Nin in (Pin Pir ) 


TueoremM III. The general solution of the system (A) is 
n 
nig = + ois + Kes 
k=1 
where «;; is any function of 8; and no;; is the solution for which 
noij(%o) = O. 
The general solution of the associated system (B,) is 
n 
k=1 


The adjoint equations of (A,) and (B,) are 


Dai = aij > Jk Nik 
k=1 
and 
(B;,) Dnij = Jk Nik 
k=1 


If we denote by foi; the set of solutions of equations (A,) for which 


= O, 
then follows 


TueoreM IV. The functions noi; and joi; satisfy the reciprocal relations 


n 
nos + fous + foe tons = 0. 
k=1 


/ 
a 
a 
; 
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If we denote by M2;;(7) the functions of 9; obtained by substituting a 
set of functions 7;; in the expression 


Danis — ain = (0), 
k=1 
and similarly let 


+ Jk Fiz = Noi (A), 
k=1 


then we get the Green’s Formula: 


TX (Hix Mox; (7) + (4) m5 ) = tak 


14. Mixed integro-differential equations. An interesting application of 
the results of the previous paragraph is to the case of mixed differential equa- 
tions.* Suppose that instead of the single operator J on k we have n operators 
J;on x. Then we might consider the equation 


(Bi) Dn = Jiai 7. 
i=1 


If we assume that 7;; = » and a;; = a; for every 7, then this equation repeated 
n times could be considered as a system (B,) 


k=1 
and as a consequence the associated system would take the form 
(A) = + Jk Qik Nkj- 
k=1 


The existence theorem applied to this equation reads: 

THEOREM I. There exists a unique set of solutions of equations (A,) which 
are such that noij(2%o) = 0. On account of the fact that the system (A,) really 
contains only n distinct equations there will be at most n distinct solutions np; . 

TueoreM II. The Fredholm determinant of the no; which has the form: 


n | (pi ) (pi Pm) 
Ni, (Pm Pi) *** Nin (Pm Pm) | 


is not zero. Its value is e Bini 


THeorEM III. The general solution of equation (B,) is 


n= K+ nin. 


* Cf. E. H. Moore, Integral Equations, loc. cit., p. 358. 


4 
n 
n 
n 
A 
4 
§ 
& 
; 


96 T. H. HILDEBRANDT 


The adjoint of the system (A) would be: 
= — aj — Nik - 


Since however a; = a; for every i, we could drop the first subscripts and 
get the system of n equations 


(Aj) = — a; Nk 


It follows that the adjoint of the single equation (B;) is the system* 
(Bi) Daj = 


THEorEM IV. Between the solutions no; of the equation (A) and jo; of the 
equations (A;) for which oi; (20) = 0 and fo; (20) = 0, we have the n relations 


noi + + Do noi = 
If we let 
Min) = Dn - 
and 
Ni(4) = Di: + 
we have the Green’s Formula: = 


(HM (n) + = 
We obtain further interesting results if we apply the theorems of this 
paragraph to the mixed linear integro-differential equation 


Dn = (pr) n (pi ge) +f a(prx)n(rqx)dr, 


in which we suppose that the ranges = $B” = = [0 = p=1], a (pr) 
belong to the class of all continuous functions on $¥, and a ( pgx) to the class 
of continuous functions on BPX, while p; are a set of special values of the 
range 
ANN ARBOR, MICH., 
April, 1916 


*Cf. W. A. Hurwitz, Mized linear integral equations of the first order, these Transac- 
tions, vol. 16 (1915), p. 121, where a similar situation occurs. The above seems to show 
why the adjoint of a single mixed equation is a system. 
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TRANSFORMATIONS T OF CONJUGATE SYSTEMS OF CURVES ON 
A SURFACE* 


BY 
LUTHER PFAHLER EISENHART 


When a surface S is referred to a conjugate system of lines, its point codérdi- 
nates are solutions of a partial differential equation of the Laplace type, 
called the point equation for the given conjugate system. Throughout this 
paper we consider surfaces referred to conjugate systems, and hence we will 
use the symbol S to denote either the surface or the parametric system upon 
it, as the case may be. When the developables of a linear congruence G 
meet S in the parametric conjugate system, we say that G and S are conjugate 
to one another. A second surface S; conjugate to G is said to be in the rela- 
tion of a transformation 7 to S, or to be a 7 transform of S. Darbouxt has 
shown that each solution ¢ of the adjoint equation of the point equation of S 
determines a congruence G conjugate to S, and that each solution of this 
point equation determines for any of these congruences G a conjugate surface 
S,. Hence each pair of function ¢ and 6 determines a transformation 7’, 
and every such transformation is so determined. It is the purpose of this 
paper to develop the theory of these transformations. 

It is shown that if S; and S_, are two 7 transforms of S, there exist «? 
surfaces S32 each of which is in the relation of transformations 7 with S, 
and S., and the determination of these surfaces requires only quadratures. 
We have thus proved the existence of a theorem of permutability of trans- 
formations 7’, which includes a similar theorem for the transformations K of 
conjugate systems with equal invariants} (see § 9), just as the latter embraces 
as a particular case the theorem established by Bianchi§ for transformations 
D,, of isothermic surfaces. In § 12 we extend the theorem of permutability 
so as to be concerned with eight surfaces. 

When the function 6 determining a transformation is a constant and the 
point coérdinates are in the cartesian form, the corresponding tangent planes 
to S and S; are parallel, in which case we say that we have a parallel trans- 
~ * Presented to the Society, Dec. 27, 1916. 

t Legons, vol. 2, pp. 225, 227. 

tCf. Eisenhart, These Transactions, vol. 15 (1914), pp. 404-8. Hereafter this 


memoir will be referred to as M,. 
§Annali di Matematica, ser. 3, vol. 11 (1905), pp. 93-158. 
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formation. This result and the consideration of the relation between two 
transformations 7’ determined by the same @¢ but different functions @ lead 
to results formerly found by the author* for certain types of transformations T 
and later by Jonas, and enable us to put the ate of a general trans- 
formation 7’ in another convenient form. 

In § 9 we consider in particular the case where the point equation of S has 
equal invariants and its transforms possess the same property. ‘The resulting 
transformations are the transformations{ K previously studied by us in their 
relation to the transformations of Moutard of differential equations. As 
there shown, these transformations K include the transformations D, of 
isothermic surfaces discovered by Darboux.§ 

Transformations 7 can be treated analytically also in terms of the tangential 
coérdinates of the surface. This is done in § 10, and the relations between 
the two sets of equations are determined. In particular, the case where. the 
tangential equation has equal invariants is studied, with the result that we 
are led to the transformations 2 previously discovered by the author.|| 

If x, y, z are the cartesian coérdinates of a surface S and w is any solution 
of the point equation of S, the surface S whose cartesian codrdinates are 
a/w, y/w, z/w is referred to a conjugate system. We say that S is a radial 
transform of S. Combinations of radial and 7 transformations are studied 
in $13 in relation to the theorem of permutability of transformations 7’. 
In particular, it is shown that this theorem can be applied when a radial 
transformation is treated as a special type of transformation 7’. 


TRANSFORMATIONS 7’ IN HOMOGENEOUS POINT COORDINATES 


The necessary and sufficient condition that four functions, 7, y, z, w, 
be the homogeneous point coédrdinates of a surface S, referred to a conjugate 
system of lines of parameters u and v, is that these functions satisfy an equa- 
tion of the form 

00 
(1) 


where a, b, c are functions of wand v. We refer to this equation as the point 
equation of the conjugate system. 
If the developables of a rectilinear congruence meet S in the parametric 


*Rendiconti di Palermo, vol. 39 (1915), pp. 153-176. Hereafter this memoir 
will be referred to as Mo. , 

TSitzungsberichte der Berliner Mathematischen Gesell. 
schaft, vol. 14 (1915), pp. 96-118. 

t M,, pp. 397-430. 

§Annales de l’école normale superieure, ser. 3, vol. 16 (1899), pp. 
491-508. 


Me. 


i 

i 


1917] CONJUGATE SYSTEMS OF CURVES ON A SURFACE 99 


curyes, the congruence and the parametric system are said to be conjugate 
to one another. Darboux* has shown that when a solution ¢ of the adjoint 
equation of (1), namely 


0g ( da ab 

=0 
(2) “du Ov Ou dv 
is known, a congruence G; conjugate to the parametric system is given by 
quadratures. In fact, the point codrdinates, x; , y,, of 
the focal points F; and F{ of the congruence are given by expressions of the 
form 

Ox 0 

fio be ) du x( ads )do, 

(3) 


2, = bas) du + ax) de, 


Furthermore, each solution of (1) leads by quadratures to ancther conju- 
gate system conjugate to the above congruence. For, if 6; is a solution of (1), 
the function o; given by 


06 
(4) 01 = +001) au + agi ) do, 


is a solution of the point equation of the surface (F;) , the locus of F;. Hence 
by the theorem of Levy?{ the surface S;, whose coérdinates are given by equa- 
tions of the form 


(5) ’ C1 O02} 071 
001 Ov 
av 


is conjugate to the congruence G, whose focal surfaces are (F;) and (F; ). 
We say that S; is obtained from S by a transformation 7’. 

The equations of S; can be given another form, if we look upon the lines 
of the congruence G; as tangent to the focal surface (F{) also. Evidently 
the function 71, given by 


(6) = fo.( bir) du abs) de, 


is a solution of the point equation of (F;). Hence the equations of S; can 
be given the form 


- ” 1 
(7) =— 2% 


* Lecons, vol. 2, p. 225 
tJournal de l’école polytechnique, cahier 56 (1886), p. 63; also Darboux, 
Lecons, vol. 2, p. 222. 


| 

4 
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From (4) and (6) we find the relation 


(8) $19, = o1 + 71. 

From (5) or (7) we get by differentiation 

9 _ 2 Oz 
(9) du ~ a ° 


2. THE INVERSE OF A TRANSFORMATION 7 
It is readily found from (9) that 21, y1, 21, wi satisfy the equation 
(10) dudv 7 Ov dun b+ Ou ov 0 


Since the relation between S and S; is reciprocal, there exist functions 
¢;' and 67' by means of which S is the transform of S;. We shall show that 


(11) 


We remark that as the congruence G, is the same, on the assumption that 
6;' = 1, we must have analogously to (3) 


where p is to be determined. If the value of x; from (5) be substituted in 
the first of these equations, the result is reducible to the form 


(12) 


+ Br=0, 
Ou 


where A and B are determinate expressions. Since similar equations hold 
in y,z, and w, A and B must be equal to zero. From these equations we find 
that p is 1/o and that ¢;' is of the form (11). It is readily shown that these 
values satisfy the second of (12). 
From (4) and (6) we have 

01 1 Oo; 


(13) 


where h and k are the invariants of (1) and are given by 


0a Ob 
(14) h=~ +ab—c, +ab—c. 


0 


™~ 
\ 
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By means of (4) and (6) equation (10) may be given the form 


Ov OU 010, OU Ov 


(15) 


In consequence of (13) the adjoint of this equation is reducible to 


001 O71 do; O71 


6,¢1\ 7] Ou dv of Ou Ov 


From (11) we find 


1 O71 O71 71 + 201 1 00; 001 + 271 


dudv Ti Ou Ov Ti 6; Ou Ov 6; 


Making use of this result, we verify readily that ¢;' is a solution of (16). 
If ¢; is any solution of (16), then 


0; 01 Ov du 6; 71 Ou dv 


Hence if ¢; and ¢2 are two solutions of (2), the equations 


om 


are consistent, and the function ¢2 so defined is a solution of (16). 


3. TRANSFORMATIONS 7’ IN CARTESIAN COORDINATES. 
PARALLEL TRANSFORMATIONS 


We consider now the case when the point codrdinates are non-homogeneous 
and rectangular. The point equation is of the form 


0? 6 06 00 


When we take w = 1, we have from the corresponding equation (9) 


Ow, 0 1 Ow, | 


Moreover, the cartesian coérdinates 21, y:, 2: of S; are given by equations 
of the form 


re) 
(20) 1) nx (=), Bp 


/ 
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By means of (19) these equations are reducible to 


Ox, Ti ( dx 06; 
Ox, 01 Ox 
Now the point equation of S, is 

Oudv + | (« + Ov | Ou 


log w; d log 00; 
+ | (0 av ° 
The adjoint of this equation is obtained by replacing ¢; in (16) by ¢;/w1. 


We consider the transformations for which ¢; is any solution of (2) and 
6, = 1. The corresponding functions o, and 7; are given by 


1 = du + ad; dv. 


It is readily shown that these particular values are in the following relations 
with the functions o; and 7; as given by (4) and (6): 


(21) 


(23) 


T1 


01 
(24) ™ = — UW, = + 


If S® denotes the corresponding transform of S, and its cartesian coérdi- 
nates are denoted by x, y™, 2 , we have from (19) and (20) 
age 
du du’ dv an" 
From the form of these equations it is-evident that the tangent planes to S 
and S® at corresponding points are parallel. Hence, when @,; = 1, we have 
the parallel transformations 7’. 


(25) 


4. THEOREM OF PERMUTABILITY OF TRANSFORMATIONS T' 

Suppose that we have two transforms S, and S2 of S determined by the 
respective sets of functions o;, 7; and o2, 72, where o2 and 72 are given by 
(4) and (6) when @; and ¢; are replaced by 62 and ¢2. A solution 6,2 of equa- 
tion (22) is given by the quadratures 


(26) (wid) = Bp O12) = — 


which are of the same form as (20). 
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We consider the surface S;2 obtained from S, by the transformation 7 deter- 
mined by 4.2 and ¢12, as given by (17), where now 


wi 


T1901 


(27) = 


The function wy, of this transformation is given by 


_ 1 OW 12 re) ( 1 ) 
2 — — = — 
(28) du raz dv \ O12)’ 


where oj. and 7i2 are defined by equations analogous to (4) and (6), namely 


0640 log wi log 41 ) | 
O12 = fue au au | du 
log wi ( log 
+ ov ao + Ov 
Odi2 log W1 ( log 0; 


612 d log w1 d log 


By means of (17), (26), and (27) these expressions are reducible to 


fo 20 (on 


The codrdinates 212, y12, 212 Of S12 are given by equations similar to (21), 
which are reducible by (26) to 


Ou wy Wie | Ou +6 Ou (3) 


(30) 


(31) 


_ G1 O18 06; (3 
Ov Wy Wie E dv 6; 


| 
| 
(% 
| 
29 ( % 29 ( 


104 L. P. EISENHART: [January 


Proceeding in like manner with S;,, we obtain a transform S:; by means of 
functions 62;, $21, 421, T21- The equations similar to (31) are obtained by 
interchanging the subscripts 1 and 2 in (31). From these two sets of equations 
it follows that Siz. and S.; are the same surface, if 


T12 71 Oo O01 We Wo = T21 O12 Wi Wiz, 


(32) 
O21 We Wei = G21 G2 1 O12 Wi Wie, 

and 
(33) = O12 (21 Oo + 2 O12 — O12 O21), 
where 

1 
(34) 6, = As 6; — O01. 

12 


When we express the condition that this value of 22 shall satisfy equations 
(31), we get 


928017, . O12 T2 06 
E — 8; O32 wy Ox ( y 61.02) 


6; We 
( + ) | -0, 


00 06; 1 Ox 


On the assumption that 6; and 62 are independent, these are equivalent to 


62 621 01 
6; Wi We 


01012 = — O12 Wi Wi ( + O12 ix), 


601 Ti 4; O12 T2 
wy We 


Ti Ti2 = O12 W1 Wi2 O12 ( — B12 601 ) 


From these equations and one analogous to (8) we obtain 


6? O12 1 
2 We 


0171 


When this value is substituted in (17), we find that the transformation func- 


| O12 71 + W1 
06, 06. 06, 06; 002 
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tions must have the expressions 


We 
= 
O12 O12 
6; 1 
= - 2 2 2) 
( We O21 + (72% 
(35) 6 6,0 
W2 202101 1 Vi2 02 
02 = — ( + 612 ax), 


6; O12 Te 
O21 1 O12 O12 an). 


T1 wy We 


It is readily verified that these values for o32 and 712 satisfy equations (30). 
In consequence of (35) equation (33) can be written 


(36) O12 Wiz = We ( + 41 O12 — O12 O21 2). 


Thus we have established a theorem of permutability of general trans- 
formations 7’. There are two arbitrary constants involved, namely in the 
determination of 6,2 by (26) and of @21 by 


Accordingly we formulate 

THEOREM 1. If S, and Sz» are two transforms of S, there exist ~* surfaces 
So, each of which is a transform of both 8, and S2; and their complete determina- 
tion requires two quadratures. 

We say that four such surfaces S, S;, Se, S12 form a quatern. 

We consider, in particular, the case where S; is parallel to S. If we take 
6. = 1, in accordance with (19) and (26) we have 612 = 1 as one solution. 
Now (33) becomes 
(38) — %2) 61, = (21 — 

Hence we have 

THEOREM 2. If S2 is parallel to S and S, is any transform of S, one of the 
surfaces Sy2 is parallel to S,; moreover the lines joining corresponding points on 
Si2 and S, and on S and 8, are parallel. 

If both S, and Sz are parallel to S, the functions 6, and 62 are constants. 
Hence from (33) it follows that 22 is a linear function of x, x;, 22, with con- 
stant coefficients, and consequently Sj, also is parallel to S. 


5. ENVELOPE OF THE PLANES OF A QUATERN 


If M, M;, Mz, My are corresponding points of four surfaces of a quatern, 
it follows from (35) and (36) that these four points lie in a plane 7. Since 
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this plane contains the lines 11M, and MMz which generate congruences 
conjugate to the parametric conjugate system on S, it envelopes a surface = 
upon which the parametric curves form a conjugate system, as follows from 
the general theory of congruences.* Moreover, if II is the point of the en- 
velope corresponding to M on S, the tangent at II to one of these curves 
passes through the focal points F, and F, of the lines MM, and MM, respec- 
tively, and the tangent to the other curve passes through the focal points 
FY and We will now find the coérdinates of II. 

In cartesian coérdinates equations (5) and (7) are of the form 
(39) W, = —5-2, = — 7; +5. 
where now 2, ¢, and 2{ 7, are respectively equal to the right-hand members 
of (3). Similar equations with subscripts 2 hold for the congruence of lines 


The cartesian coérdinates £, 7, ¢ of IT are given by equations of the form 


l T1 1 T1 
(40) 
6; Ty 6; 


T2 


where ¢; and f2 are to be determined. When these two expressions for ~ are 
equated, we get an equation of the form 


Az + Bu, + Cr. = 0, 


where A, B, and C are determinate functions. Since similar equations in 
the y’s and 2’s also must hold, we must have A = B= C=0. From the 
first two of these equations we get 


These values satisfy C = 0, and when substituted in the above expressions 


*Guichard, Annales de l’école normale superieure, ser. 3, vol. 14 
(1897). 


C2 
2\ We 91 — W1 
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for — we get 


oi — Wi + 0, ) = 22 — Wi 
(41) 1 Oe 


We shall find the functions of the theorem of permutability when homo- 
geneous coérdinates are used. Now the functions 61. and 62; are given by 


00;; 0 (86; 00; 
and the coérdinates 212, --+, Wi2 of Si. must satisfy the equations of the 
form 


du (Ft), dv ou5-(#) (| =1,2, iti). 


From (35) it follows that the functions 72, o12, 12 are of the form 


05 621 71 A; O10 T2 


6,6 
(44) = = — = + O12 621 ’ 
6; 
_ ( 1 

= 621 + (01 T2 — 1) 5, =). 
Moreover, the coérdinate 212 is expressed by 
(45) 6; O12 X12 = O21 + O12 X2 — O12 


6. TRANSFORMATIONS 7’ DETERMINED BY THE SAME FUNCTION @ 


We consider now the relation of two transformations determined by 0; 
and 62 respectively but by the same function ¢,. If we put 


4 06. 


06 
(o1)2 = ) du + ( ) de, 


we have in consequence of (26) 
6 6 

(46) == 71 — Wi (o1)2 = 01 + wi 
6; 


When these values are substituted in equations analogous to (20), namely 


x 


2 = = - (ong (=), 


0172 — 0271 
—- 
6; 
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the latter can be integrated in the form 


6 


In like manner from equations analogous to (19) we get 


w 
(48) (02 — 02) 
where c is a constant. By means of this result equation (47) can be given the 
form 

(49) — we = (21 — — cx. 


From this it is seen that the congruence G2 of lines joining corresponding 
points on S and S, is the same as the congruence G, only in case c = 0 in (48). 

When the above expressions for (01). and (711)2 are substituted in (37), 
we find 


0 
(50) We = — Wi +k, 
2 


where k is an additive constant. 
From (33) and (34) we obtain for the present case 


We (0. — O10 ) k 
— Fro k+ , Wi = — ec, 
(6. 12) + 61 12 0; O12 
(51) 
We As 
(k (9 632) + = k 


Hence if k = 0, the surface Sj. reduces to a point; if c = 0, it coincides with S;. 

In the inverse transformation from S; to S the function w7' has the value 
1/6;, as is evident from (20). If we look upon S and Sj» as transforms of S;, 
the analogue of equation (47) is 


9. 
(52) Xp Wi = Uj Bie 
This equation is satisfied by the value of 212, given by (51), provided k = — 1. 


Incidentally we remark that the last of (51) can be written 


(53) = x, (1 ) 


The denominator of this equation is a solution of the point equation of S2. 
Moreover, corresponding points on S2 and Sj. are on a line through the origin. 
This is a type of transformations which we will consider later (§ 13); we call 


them radial transformations. 
Accordingly we have 
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THEOREM 3. When atransform S, of S is known, the determination of another 
transform S_ with the same function @ requires a single quadrature; then the 
fourth surface of the quatern is a radial transform of S2. 


7. ANOTHER FORM OF TRANSFORMATIONS 7’ 


Particular importance attaches to the results of the preceding section when 
we take a parallel surface for S.. As in § 3, we call it S® and its coérdinates 
aD, y, 29. We take 6. = 1, then 62 =1. Also we takec = 1. Then 


(47) assumes the desired form 
2) 


(54) 


W1 
In consequence of (24) equations (19) can be written 


, 06; 0 , 08; 


Hence if we put 
(55) WwW; 6, = — 
we have 
, 00; , 00; 


(56) Ou 


which are similar to (25). By means of (55) equation (54) is reducible to* 


The significance of this result is that the problem of finding transformations 
T is reduced to that of finding parallel transforms and the integration of 
equation (1). 

Equations (57) enable us to show that when we take 


6,:=axr+by+ez, A? = + by® + 


where a, b, c are constants, then S; is the plane az; + by; + cz, = 0. 
In consequence of (24) and (54) equations (39) giving the coérdinates of 
the focal points of the congruence G; are reducible to 


(1) 
Ti 
As an application of these results we seek the condition that S; shall be 
normal to the lines of the congruence G,;. From (57) it is seen that 2, 
y, z™ are the direction-parameters of the lines of this congruence. Hence 


* Cf. Jonas, l. c., p. 102. 


Ov’ 
(57) 
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we must have 


O21 


O21 


Substituting the values of 2, y1, 2: from (57), we have to within a constant 
factor 


(59) = 4 yo? 4 
From (22) it follows that the point equation of S™ is 


dudv du ¢, 


Expressing the condition that the above value of 6” satisfies this equation, 
I g i 
we get 


and consequently 
dudv du dv 
But this is the condition that 2? + y? + 2* — 6 also is a solution of the point 


equation of S. Moreover, it follows from (59) and (57) that in this case 6; 
is the distance from S to S,;. Hence from this point of view we have estab- 
lished the known 

THeorEeM 4. When the developables of the congruence of normals to a surface 
S, meet a surface S in a conjugate system, the function t giving the distance between 
corresponding points on S and S, is a solution of the point equation of S as is 
also the function x?» 

Returning to the general case, we have from (50) in consequence of (55) 
(60) 6,, = —1. 
We have taken k = — 1 so that (52) shall hold. Then Sj, is the parallel S‘” 
of S; by means of which S is obtained from S,. Consequently the present 
form of (53) is 


= 


8. ANOTHER FORM OF THE EQUATIONS OF THE THEOREM OF PERMUTABILITY 


Suppose now that we have two transforms S,; and S» of S; we wish to give 
the theorem of permutability a new form in view of the preceding results. 
Evidently the functions 6,2 and 62; are given by expressions analogous to (57), 
namely 


1 
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where 6? is defined by 


g, and 7, being given by equations obtained from (23) on replacing 1 by j. 
Now 
0; 


O12 
and from (33) we have 
(O? OP — (aw — x) 
= (02 — 2 + (AP — 
From this equation and (57) we obtain 


9 9) ( 6”) (6 
(65) — 0. 6) (are — a1) = (6 — 61) ). 
1 


(64) 


We note that the expression in the last parenthesis is similar in form to the 
right-hand member of (57). Hence if we put 


(2) 


2 9 1 1 
(66) = 20 — 
1 


the surface S whose coérdinates are x, y®, 2 is a transform of S®. 
If equation (66) be differentiated, the resulting equations are reducible to 


2 2 
) ( ) ) 6; Ox, 


(67) 


Hence S{ is parallel to S;. We wish to show that it is the parallel surface 
whose coérdinates enable the equations of the transformation from S; to S12 
to be given a form similar to (57). The first derivatives of the codrdinates 
of this desired parallel surface are equal to 


where in consequence of (24), (35), (57), and (55) 


12 12 2 1 


= = — —— | — - 
9 


(68) 


O21 Ox, 
Ti2 Ou’ — G12 Ov’ 
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Comparing these results with (67) we find that S‘? is the desired surface. 
If we write (65) in the form 


— 


we note its similarity to (57). 


9. TRANSFORMATIONS K 


We consider now the particular conjugate systems for which the invariants 
h and k of the point equation are equal. From (14) it is seen that in this case 
the point equation may be written 


Oudv Ov Ou Ou. Ov 


(70) 


From (22) it is seen that the parametric system on S, will have equal in- 
variants, if o; and 7; are equal. From (4) and (6) it follows that to within a 
constant factor we must have 
(71) = 20: p. 

It is readily verified that this value of ¢; satisfies the equation adjoint to 
(70). From (8) we have 

(72) = 71 = Op. 

Now equations (21) become 


Ou Wy Ou Ou 
(78) 00 
dv 2 (a + {a= 8) dv ), 
where 2, is given by 
74 Ow, 06; Ow, 061 
(74) au’ dv 


This transformation is the same which we have considered at length in a former 
paper, and called a transformation K .* 
Equations (24) reduce to 


= pA, + w,, T, = pi, — w,, 


and consequently the expressions (39) for the coérdinates of the focal points 
*M,, p. 400. 
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of the congruence G; become 


The foregoing results are stated in 

THEOREM 5. When a surface S is referred to a conjugate system with equal 
point invariants and 0, is any solution of the point equation of S , the surface S; 
whose codrdinates are given by quadratures of the form (73), is referred to a con- 
jugate system with equal point invariants, and the developables of the lines jo ning 
corresponding points on S and S, meet these surfaces in these parametric curves. 
Moreover, the focal points of the congruence are harmonic to the corresponding 
points on S and S,. 

We assume that S; and S, are two surfaces in the relation of transformations 
K with S, and apply the theorem of permutability. Equations (26) and (37) 
are now reducible to 


00; 00; 
(75) Gore 
(89:5) = — 855, 


from which it follows that 


We + 642 = const. 
From (35) it is seen that the necessary and sufficient condition that o12. = 712 is 


(76) We O01 + Wi O15 = 
Hence we have 

THEOREM 6. When S, and S2 are two surfaces in the relation of transforma- 
tions K with a surface S, of the ©? surfaces S12 forming quaterns with them in 
accordance with the theorem of permutability of transformations T, «1 are in 
the relation of transformations K with S; and 82. 

From (35) we have 


(77) = W1 (12 62) + we 02 = We ( B21 — 6) + 62, 
and from (36) 


(78) = — Wi + We + OZ. 


The codrdinates £, 7, ¢, of II, the point of contact of the plane 7 with its 
envelope, as given by (41), are expressible in the form 
We 6; %2 — Wy 6; Wi2 


(79) g=— 


— 6; Wig — W1 


Trans. Am. Math. Soc. & 


A 
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Hence II is the intersection of the lines MMy. and M, M2; consequently the 
points My. of the «! surfaces Sj, lie on the line MM... Therefore we have 

THEoREM 7. Jf S, Si, Se, Si2 are four surfaces of a quatern for trans- 
formations K , the plane x of the four corresponding points M, M,, M2, Mw 
touches its envelope in the intersection II of the lines MMy. and M, M2; the 
parametric lines on the envelope form a conjugate system whose tangents are 
harmonic to the lines MM. and M, M2, and contain the focal points of the lines 
MM,, MMz, Miz My, Miz. Mz for the congruences generated by them.* 


10. TRANSFORMATIONS 7' IN TANGENTIAL COORDINATES 


When a surface S is referred to a conjugate system, ifz,y,z,wand X,Y, 
Z, W are the point and tangential coérdinates respectively of S so that 


(80) Xx+ Yy+Zz2+ Ww=0, 
then X, Y, Z, W satisfy an equation of the form 


an 
dude “du 


or 
— = 
(81) + = 0. 
Evidently the analytical theory of § 1 is independent of the geometrical inter- 
pretation there given, and has a meaning when applied to equation (81). 
This we will give and study the relation between the two sets of equations. 
The adjoint of (81) is 


(82) “au Pant \ — 4 = 
If \; and y; are solutions of these equations, the following integrals have a 
meaning: 
Or 
+ ) du + (% au: ) d, 
(83) 


Or 
Bu ) du + (B+ ads ) do, 


The functions X;, Y;, defined by equations of the form 


OX, 0X, 
are the tangential codrdinates of a second surface, upon which the parametric 


curves form a conjugate system. 
*Cf. Mi, p. 409. 


i 
i 
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In addition to (80) we have the equations of condition 


Ox Oy dz 
0 0 0 
oy 
+ V5, = 0. 
Consider the function 
(86) 6=X,2+ 
where X;, Y,, Z,, W; are given by integrals of the form 
, OX Ou 
(87) = ox) du + — am 
In consequence of (81) and (85) we have 
(88) 


~ 2 + 
where as usual the symbol >> signifies the sum for three terms in 2, y, z. 


Hence @, is a solution of equation (1).* 
In like manner it can be shown that \, given by 


(89) = Xai + Vy, + Zz, + Ww, 


where 2, , ¥,, 2,, W, are given by equations of the form (3), is a solution of (81). 
It is our purpose to show that equations (9) and (84) define the same trans- 
formation of S, when @; and ), are given by (86) and (89). 

The analogue of equation (5) is 


(90) xX, =X, 


From (9) it follows that the points T, and T., whose coé:dinates £, 1, 
$1, 1; m2, $2, we are of the form 


(91) -3(#), -3(#), 


are the intersections of corresponding tangents to the parametric curves on 
Sand S;. Since 


Of _ 98 _ (9 log (248 


* Cf. Darboux, Legons, vol. 2, p. 188. 
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the points 7, and 7, are the focal points of the congruence of lines 7; 72. 
These lines are the intersections of the tangent planes to S and S8,. 

We shall show that X,, Y,, Z,, W, are the tangential codrdinates of the 
locus of 7. In fact, it follows from (80), (85), (86), (87) and (88) that 


+ =0, 


(93) ax, aw, 
rast Ov av = 0. 


Moreover, the condition 
ox’ ow, 
ou + du 0 


follows from 
dwaoWw 


which is a consequence of (85) and their derivatives. 
In like manner it can be shown that the tangential codrdinates X/, Yj, 
Z, , WY of the locus of 72 are of the form 


(94) = f du + ox) ae. 
From (5), (86), (89) and (90) we have 
6; = Xi Ww, 
Ai = 


When the values of \; and @, from (89) and (86) are substituted in (4) and 
(83), the resulting equations are reducible to 


aw. ax’ 


Hence by a suitable choice of the additive constants of integration we have 


(95) 


(96) +6, = + W, w;. 


In consequence of these results we have from (5) and (90) 
v1 W, Ws = 0. 


Since also 
0, 
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it follows from (9), (90), (91) and (93) that 
a dw 
=0, Wis" = 0. 


Hence equations (9) and (84) define the same transformation T of S. 

By making use of the results of §5, we can obtain the equations of the 
theorem of permutability of transformations 7 from the standpoint of tan- 
gential codrdinates. The functions 2 and Az; must satisfy 


The functions 21, 712, T21 are given by 

Ae Aer , Ase T2 


(98) 


019012 = 


0201 = — +- 


and the tangential coérdinates of S1., namely X12, Yi2, Zi2, Wie, are of the 
form 
(99) Xw = da Xi + Ai Are Xe Are Xx. 


If equations similar to (95) are to be satisfied, we must have 
Aw = > + W, Wy. = > Xi + Wy 601, 
her = Xo + We wie = + We wi — 


When these equations are differentiated, we find that the resulting equations 
are satisfied in virtue of the preceding formulas. Hence we may take A12 
and de as given by (100). 

Equations similar to (5) and (90) are 


712 621 x1 O10 


+ Aw dn); 


(100) 


O12 


Xin = Xu 2% - xn). 


From these equations, (98) and (100) we obtain 
+ Wi, = O12 + 


Consequently when Az and Ag: have the values (100), the expressions (99) 
are the tangential codrdinates of Si. whose point codrdinates are given by (45). 
From the form of (99) we are led at once to 

THEOREM 8. When S, S81, S2, Siz form a quatern for transformations T , 
four corresponding tangent planes meet in a point. 
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During the remainder of this section we assume that the point coérdinates 
are cartesian and that X, Y, Z are the direction-cosines of the normal to S. 
Consequently — W is the distance from the origin to the tangent plane. 

From (58) it follows that x; as it appears in (89) is equal to zo, + 2 and 
w, = @,. Hence (89) may be replaced by 
(101) Ay = Xa + + Zz. 

Consequently \; is the distance from the origin to the tangent plane to S®. 

We note that \; and yw; determine a transformation of SY. If X,, ¥1, Z1 
are the direction-cosines of the normal to the transform S{’, and — W‘” 
the distance from the origin to the tangent plane to S‘”, equations (84) are 
replaced by 


» 2(%)_ 


But X,, Y;, Z; are the direction-cosines of the normal to S; also. Moreover, 
the function W, is given by - 


11. TRANSFORMATIONS Q OF CONJUGATE SYSTEMS WITH EQUAL TANGENTIAL 
INVARIANTS 


When equation (81) has equal invariants, it can be written 


Alog , A log 
dudov' dv du du +7 = 0. 


Analogously to the results of §9 we have that uw, = 2p), is a solution of the 
adjoint of this equation. For this value we have 


= Kip, 
so that the tangential equation of the transform is 
ar, 
Oudv dv 


log log ap +m =90, 


which also has equal invariants. 
If we put 


these equations are equivalent to 


dudv \ yp dudv ™ VM Lia! 
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These equations are satisfied respectively by the functions 
vi = VpX, ve = VpY, vs = VpZ; 


vy, = X,/ ve = Y;/ V3 VpA1. 


ll 


In terms of these functions equations (84) are reducible to 


(84’) (¢ =1,2,3). 


Since the tangential equation of S has equal invariants, there exists a surface 
2 with this spherical representation of its asymptotic lines. Its point coérdi- 
nates £, 7, ¢ are given by the Lelieuvre formulas 


Ovs Ove Ov3 Ove * 

Similar equations in the functions »; give the point codrdinates of a surface 
>, with the same spherical representation of its asymptotic lines as the para- 
metric system on S,;. Moreover, equations (84’) are the condition that 2 
and 2; be the focal surfaces of a W-congruence.t 

From the theory of W-congruences it follows that, if X¥, Y, Z and X,, 
Y,, Z; are the direction-cosines (not merely direction-parameters), of the 
normals to 2 and 2, respectively, then 


vy, = VpX, = Vp Xi, 


where — 1/p? and — 1/p} are the gaussian curvatures of = and 2; respectively. 
Hence (84’) may be written 2 


au Vppi X1) = X1) = — 
Comparing these equations with (102), we have 


and equations (103) become 


' Vop1 Wi) = — ap Vppi Wi) = 


But these are the equations of transformations 2 of conjugate systems with 
equal tangential invariants previously found by the author.{ Moreover, the 


*s., p. 193. A reference of this sort is to the author’s Differential Geometry. 
1 E., p. 419. 
t M2, §§ im 3. 
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special surfaces S® and S%, treated in § 7, were used in the discussion of the 
transformations 2 .* 


12. THE EXTENDED THEOREM OF PERMUTABILITY 


In this section we extend the theorem of permutability so as to involve a 
group of eight surfaces. Let S,, S:, S; be three transforms of S by means 
of functions 6;, ¢; for i = 1, 2, 3 respectively. Applying the theorem of 
permutability to the three pairs of these surfaces, we get three new surfaces 
Sie, So3, S31. We recall that S;; = S;;. Since Si: and S,3 are transforms 
of S,, there exists a family of surfaces S’, for each of which S,, S12, Sis, S’ 
form a quatern. It is our purpose to show that one of these surfaces S’ is 
such that S., Si2, S23, S’ form a quatern; and likewise S3, Si3, S23, S’. 

We denote by wi2, the functions transforming Sj. into 8S’. The 
equations analogous to the first of (35) and (36) are 


(104) O12 Oi2 Wis = Wiz (O13 Bis + O12 — Bis), 
O12 Wie = (O13 O13 Li2 + 412 Oi2 tis — O13 O12 21). 
In consequence of (36) and an analogous expression for x13 the second of (104) 
is reducible to 
12 612 Wie 2’ = 2) ( W13 613 


6, 913 We O13 — 8, O12 Ws 


(105) 


, , 
— W13 O13 We O13 — Wiz Ws 


xr , 
+ ( we 601 W433 613 W3 631 Wi2 612) ° 


In deriving these equations, we looked upon S’ as a transform of S;2. which 
in turn is a transform of S,. Looking upon Sj, as a transform of S2 we get 
the analogous equations 


, , , , 
O21 = Wee ( O21 O21 + O23 O23 — O21 823), 
, , , , , 
B21 O21 = Weg (O21 O21 12 + O23 O23 — 921 O23 %2) 


The latter equation is reducible to 


621 O21 = — O23 Wi O23 — Wai 621 W3 21 
, 63 O30 
+ 22 (we 821 We3 O23 — Wei O21 Ws O21 
2 
(106) 6; 912 
— Wo3 W1 
02 O21 


x 
+ ( ws 932 We1 O21 + W1 O12 Wee O23 O23) 


§6. 
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From their definition it follows that 6:,; and w2; are the same functions as 
62 and wi2 respectively. Making use of this fact, we eliminate x’ from (105) 
and (106). In the reduction we note that from (35) we have 


Wy Wi2 9; O12 = We Wei Oe O21. 
The resulting equation is of the form 
Az; + Ba, + Cz = 0, 


where A, B, and C are determinate functions. These functions must equal 
zero, since equations similar to the above hold also in the y’s and 2’s. This 
gives the three equations 


613 612 
, , , 

Wiz P12 Wis P13 — Wiz O13 We O21 — 03 Wiz O12 433 

12 13 

+ We O23 O23 = 0, 

, , , 23 

107) We1 O21 We3 O23 — Wei B21 Ws O32 — 81 Wes O23 Wi O12 

(107 623 621 


+ 4; wi O13 Wis 13 = 0, 
W13 O13 W1 O13 We B21 + Wiz Wi O12 Ws O31 — Wer O21 We O21 Ws O32 
— Wes 603 W1 O12 We O23 = 
It is readily found that these equations are equivalent to the three 


(108) 0; wis Oi; = 0; + 0; — Ox 
itj¢k 


When these values are substituted in (105), the result is reducible to 
2 ( O31 O23 + 63 621 O32 A, 623 ) 
+ 22 (8; 613 O32 + 83 O12 831 — O31 813) 


(109) 
+ 2x3 (1 823 O12 + 82 O21 O13 — O3 O21 
+ 2 (O12 623 831 + 821 O13 O32) , 
where 
We W3 
(110) 


= 0; (613 932 + O12 823 — O32 B23) + (O31 O23 + O21 O13 — 813 O31) 
+ 43 (O12 O31 + O32 O21 — O12 21) + O13 O32 B21 + O12 O23 O51. 


When we proceed with S’ as a transform of S13 or S23, we arrive at the same 
result, which evidently is of symmetric form. 
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It remains for us to show that the functions 6;; as given by (108) satisfy 
equations analogous to (26), namely 


(111) (wis - rage (G2), (is 845) Ge): 
We know that this is true, since (108) for i = 1, j = 2 , k = 3 follows from 
(36) when 2.2, 21, x are replaced by 612, 613, 023, 03 respectively; and 
these results are general. Hence we have the extended theorem of permuta- 
bility: 

THeorEeM 9. If S, S;, Se, Sw; S, Se, S3, Ses; S, S3, Si, Siz are three 
quaterns of surfaces, a surface S’ can be found, without quadrature, such that 
Si, Si2, Siz, 8’; S2, S’; Ss, Sis, Ses, S’ are quaterns. 


13. RELATIONS BETWEEN TRANSFORMATIONS 7’ AND RADIAL TRANSFORMATIONS 


If w is a solution of equation (18), the surface S whose coérdinates Z, 7, Z, 
are given by 


x y 


is referred to a conjugate system. In fact, the point equation of S is 


log w \ 00 log w\ 00 
(113) t (4+ Ov (6+ Ou 0. 


We say that S is obtained from S by a radial transformation, since the line 
joining any pair of corresponding points on S and S passes through a point— 
the origin. 

If 6; is a solution of (18), then 0; = 6;/w is a solution of (113). Also it 
can be shown that if ¢; is a solution of the adjoint equation of (18), then 
¢1 = $1 is a solution of the adjoint of (113). 

We consider the transformation 7 of S by means of these functions 6, and ¢1. 
If 7; and oi denote functions analogous to 7; and oj, it is readily found that 
to within additive constants we have 


= T1; 01 = d\. 


Assuming these values, we have from equations (20) and the analogous ones, 


6; * Av 6; 


by integration 


to within an additive constant. Also @ is given by 
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Evidently there exists a function w; defined by 

which equations are similar to (20). Comparing (115) and (116), we note 
that w; can be chosen so that 

(117) = 1, 

and consequently we have from (114) 


z 


|= 


Hence we have 

TuEoreM 10. If two surfaces S and S are in the relation of a radial trans- 
formation and 8, is a T transform of S, a surface S, can be found by a quad- 
rature which is a radial transform of S, and a T transform of S. 

When in particular w = 6,, then 6, = 1, and consequently S and S, are 
parallel. Now in all generality we take 


—l1, w = —1/m. 
Therefore, we have 

THEOREM 11. A transformation T is equivalent to the combination of an 
axial, a parallel and an axial transformations. 

Consider now a general quatern of surfaces S, S,, S2, Si. From (116), 
(26) and analogous equations it follows that the functions 

02, = V2, 
determine axial transformations of S, S; and S2 respectively, into S, 81, Se. 
The equations determining the axial transform of S12 as of the pair S; and S;2, 
are 
au 12 Wi2) = 712 62)” Wi2) = 71255 


In consequence of the preceding equations we may take wi. = 1/wy. 
In order to show that the same function w. determines the axial transform 
of Si2, as of the pair S. and S,2, the following equations must be satisfied: 


a 
Ou ~ We Ov Wy 0215, We 821 


When the values of wiz, we1, 72) and 72, as given by (35) and analogous equa- 
tions are substituted, it is found that (119) are satisfied. Hence the surfaces 


(118) 
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It remains for us to show that the functions 6;; as given by (108) satisfy 
equations analogous to (26), namely 


111) = (G), = — (GE). 
We know that this is true, since (108) for 7 = 1, 7 = 2 , k = 3 follows from 
(36) when avy, 21, %, 2 are replaced by 612, 613, 023, 83 respectively; and 
these results are general. Hence we have the extended theorem of permuta- 
bility: 

THeorEeM 9. If S, S,, Se, Sw; S, Se, S3, Ses; S, S3, Si, Siz are three 
quaterns of surfaces, a surface S’ can be found, without quadrature, such that 
Si, Sie, S’; So, Sic, So3, Sis, Sos, S’ are quaterns. 


13. RELATIONS BETWEEN TRANSFORMATIONS 7’ AND RADIAL TRANSFORMATIONS 


If w is a solution of equation (18), the surface S whose codrdinates #, 7, 2, 
are given by 


9 y= = 
(112) z 


is referred to a conjugate system. In fact, the point equation of S is 
ao log w \ 00 log w\ 00 

— = = 0. 

Ou (« Ov (2 + Ou 

We say that S is obtained from S by a radial transformation, since the line 
joining any pair of corresponding points on S and S passes through a point— 


(113) 


the origin. 

If 0; is a solution of (18), then 6; = 6;/w is a solution of (113). Also it 
can be shown that if ¢; is a solution of the adjoint equation of (18), then 
¢1 = $1 is a solution of the adjoint of (113). 

We consider the transformation 7 of S by means of these functions @, and ¢1. 
If 7; and o; denote functions analogous to 7; and aj, it is readily found that 
to within additive constants we have 


Ti = Ti; 0; = 


Assuming these values, we have from equations (20) and the analogous ones, 


by integration 


to within an additive constant. Also #, is given by 


--a2(2) 
(315) du du ~ dv av \ )° 
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Evidently there exists a function w; defined by 


0 0 fw 0 0 fw 


which equations are similar to (20). Comparing (115) and (116), we note 
that w; can be chosen so that 


(117) = 


and consequently we have from (114) 


x 


1 


| 


€ 


1 
Hence we have 

TuroreM 10. If two surfaces S and S are in the relation of a radial trans- 
formation and 8, is a T transform of 8, a surface S: can be found by a quad- 
rature which is a radial transform of S, and a T transform of 8. 

When in particular w = 6, then 6, = 1, and consequently S and S; are 
parallel. Now in all generality we take 


= —1/w. 
Therefore, we have 
THEOREM 11. A transformation T is equivalent to the combination of an 
axial, a parallel and an axial transformations. 
Consider now a general quatern of surfaces S, S;, S2, Siz. From (116), 
(26) and analogous equations it follows that the functions 
1 
w = 62, = On, 
We 
determine axial transformations of S, S; and S2 respectively, into 8, Bas Gee 
The equations determining the axial transform of Sj, as of the pair S; and 8,2, 


are 


In consequence of the preceding equations we may take w: = 1/wi.. 
In order to show that the same function w,. determines the axial transform 
of Sj, as of the pair S; and S,., the following equations must be satisfied: 


Wi2 721 We Oo, ’ Ov \ wie = 72145 We 


When the values of wiz, we1, 721 and 72, as given by (35) and analogous equa- 
tions are substituted, it is found that (119) are satisfied. Hence the surfaces 


. 
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S, S,, Se, Sig form a quatern. Their codrdinates are of the form 
2 


the transformation functions being 


0 
= 1 = 419; 


= 1, = 


These functions satisfy equations analogous to (35). 

In a similar manner we get a second quatern by using @, for the axial trans- 
formation of S. Hence we have 

THEOREM 12. When a quatern of surfaces is known, two other quaterns each 
containing two pairs of parallel surfaces can be fownd without quadrature, and 
these surfaces are axial transforms of the surfaces of the given quatern. 

As a matter of fact axial transformations can be looked upon as special 
types of transformations 7. For if we take 

w—1?’ 


1 
2 


equations of the form (19) and (20) with subscripts 2 instead of 1 are integrable 
in the form 


Let us apply the theorem of permutability to the case in which S2 is given 
as above. One solution of (37) is 


We find also 


= 021 = 91, Tis 
Wi2 O12 = 1 + On, = Wi(1 + A). 


Hence if we put w: = 412. + 1, equation (36) in this case reduces to (118). 
Consequently the theorem of permutability is equally true when an axial 
transformation is used. It is readily shown also that theorem 12 can be 
established by means of the generalized results of § 11. 
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